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I Abstract. Let be a closed hyperbolic three manifold. We con- 

struct closed surfaces which map by immersions into M'"* so that for 
each one the corresponding mapping on the universal covering spaces is 
an embedding, or, in other words, the corresponding induced mapping 
^ on fundamental groups is an injection. 

as 

1. Introduction 

f-H The purpose of this paper is to prove the following theorem. 

^ Theorem 1.1. Let M^ = M^/Q denote a closed hyperbolic three manifold 

where Q is a Kleinian group and let e > 0. Then there exists a Riemann sur- 

C3 face Se = M^/F^ where is a Fuchsian group and a (1 + e)-quasiconformal 

^ map g : dM^ — > dM.^, such that the quasifuchsian group g o F^ o g~^ is a 

'— ' subgroup of Q (here we identify the hyperbolic plane with an oriented 

1^ geodesic plane in 'M? and the circle with the corresponding circle on the 

>■ sphere dE?). 

Remark. In the above theorem the Riemann surface has a pants dccom- 
V/") position where all the cuffs have a fixed large length and they are glued by 

^ twisting for +1. 

2 One can extend the map g to an equivariant diffeomorphism of the hy- 

perbohc space. This extension defines the map f : Se M^ and the 
surface /(5'e) C M^ is an immersed (1 + e)-quasigeodesic surface. In par- 
ticular, the surface /(S'e) is essential which means that the induced map 

k>l /* : 7ri(S'e) — >■ 7ri(M^) is an injection. We summarise this in the following 

^ theorem. 

Theorem 1.2. Let M^ be a closed hyperbolic 3-manifold. Then we can find 
a closed hyperbolic surface S and a continuous map f : S such that 

the induced map between fundamental groups is injective. 

Let S be an oriented closed topological surface with a given pants de- 
composition C, where C is a maximal collection of disjoint (unoriented) sim- 
ple closed curves that cut S into the corresponding pairs of pants. Let 
f : S ^ M^ be a continuous map and let pf : 7ri(S') 7ri(M^) be the in- 
duced map between the fundamental groups. Assume that p/ is injective on 
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7ri(n), for every pair of pants 11 from the pants decomposition of S. Then to 
each curve C £ C we can assign a complex half-length hl(C) E (C/27riZ) and 
a complex twist-bend s{C) G C/(hl(C)Z -|- 27riZ). We prove the following 
in Section 2. 

Theorem 1.3. There are universal constants e', i^o > such that the fol- 
lowing holds. Let e be such that t>e>0. Suppose {S,C) and / : S" — )• M'^ 
are as above, and for every C £ C we have 

\hl{C) - -I < e, and \s{C) - 1| < 

2 R 

for some R > R{e) > 0. Then Pf is injective and the map df : dS — )• 
extends to a (1 + Koe) -quasiconformal map from dM^ to itself (here S and 
denote the corresponding universal covers). 

It then remains to construct such a pair (/, (5, C)). If IT is a (flat) pair 
of pants, we say / : 11 — )• is a skew pair of pants if pj is injective, 
and /(3n) is the union of three closed geodesies. Suppose we are given a 
collection {fa : Hq — )• M^j^eA of skew pants, and suppose for the sake of 
simplicity that no fa maps two components of 511 to the same geodesic. 

For each closed geodesic 7 in we let = {a G ^ : 7 G fa{dlla)}. 
Given permutations : — >■ for all such 7, we can build a closed 
surface in as follows. For each (/q,, XIq) we make two pairs of skew pants 
in M^, identical except for their orientations. For each 7 we connect via 
the permutation the pants that induce one orientation on 7 to the pants 
that induce the opposite orientation on 7. We show in Section 3 that if the 
pants are "evenly distributed' around each geodesic 7 then we can build a 



surface this way that satisfies the hypotheses of Theorem 1.3 

We can make this statement more precise as follows: for each 7 G fa{dTla) 
we define an unordered pair {ni, 71,2} G A^"^(7), the unit normal bundle to 7. 
The two vectors satisfy 2(ni — 722) = in the torus C/(27riZ -|- Z(7)Z), where 
/(7) is the complex length of 7. So we write 

foot^(n„) = foot^(/„, n„) = {ni, n2} G N^{^/l) = C/(2^fZ + hl(7)Z). 

We let foot(^) = {foot^(nQ,) : a G ^4,7 G dHa} (properly speaking 
foot(j4) is a labelled set (or a multiset) rather than a set; see Section 3 for 
details). We then define foot^(A) = foot(j4)|jvi(^)- We let r : N^{y/^) — )• 
N^{y/^) be defined by T{n) = n -\- \ + iir. If for each 7 we can define a 
permutation a^y : A^ — )■ A^ such that 

I foot^(n^^(„)) - r(foot^(nc,))| < 



and |hl(7) — =f | < e for all 7 G SIIq,, then the resulting surface will satisfy 



the assumptions of Theorem |1.3[ The details of the above discussion are 
carried out in Section 3. 
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In Section 4 we construct the measure on skew pants that after rational- 
isation win give us the cohection IIq, we mentioned above. This is the heart 
of the paper. Showing that there exists a single skew pants that satisfy the 



first inequality in Theorem 1.3 is a non-trivial theorem and the only known 
proofs use the ergodicity of either the horocyclic or the frame flow. This 
result was first formulated and proved by L. Bowen [T], where he used the 
horocyclic flow to construct such skew pants. Our construction is different. 
We use the frame flow to construct a measure on skew pants whose equidis- 
tribution properties follow from the exponential mixing of the frame flow. 
This exponential mixing is a result of Moore [13] (see also [13] ) (it has been 
shown by Brin and Gromov [2j that for a much larger class of negatively 
curved manifolds the frame flow is strong mixing). The detailed outline of 
this construction is given at the beginning of Section 4. 

We point out that Cooper-Long-Reid [5] proved the existence of essen- 
tial surfaces in cusped finite volume hyperbolic 3-manifolds. Lackenby [I2] 
proved the existence of such surfaces in all closed hyperbolic 3-manifolds 
that are arithmetic. 

1.1. Acknowledgement. We would like to thank the following people for 
their interest in our work and suggestions for writing the paper: Ian Agol, 
Nicolas Bergeron, Martin Bridgeman, Ken Bromberg, Danny Calegari, Dave 
Gabai, Bruce Kleiner, Francois Labourie, Curt McMuUen, Yair Minsky, Jean 
Pierre Otal, Peter Ozsvath, Dennis Sullivan, Juan Suoto, Dylan Thurston, 
and Dani Wise. In particular, we are grateful to the referee for numerous 
comments and suggestions that have improved the paper. 

2. QUASIFUCHSIAN REPRESENTATION OF A SURFACE GROUP 

2.1. The Complex Fenchel-Nielsen coordinates. Below we define the 
Complex Fenchel-Nielsen coordinates. For a very detailed account we refer 
to [16j and [lOj. Originally the coordinates were defined in J5J and [lOj. 

A word on notation. By d{X, Y) we denote the hyperbolic distance be- 
tween sets X,Y C H^. If 7* C is an oriented geodesic and p,q G 'j* then 
d^*{p,q) denotes the signed real distance between p and q. Let a*,f3* be 
two oriented geodesies in H^, and let 7* be the geodesic that is orthogonal 
to both a* and /?*, with an orientation. Let p = a* D^* and q = /3* n7*. Let 
u be the tangent vector to a* at p, and v be the tangent vector to /3* at q. 
We let u' be the parallel transport of u to q. By d^. (a*,/3*) we denote the 
complex distance between a* and f3* measured along 7*. The real part is 
given by Re(d^. (a*, = dj*{p,q). The imaginary part Im(d^. (a*, /?*)) 
is the oriented angle from u' to v, where the angle is oriented by 7* which 
is orthogonal to both u' and v. The complex distance is well defined 
(mod 2/c7ri), k £ Z. In fact, every identity we write in terms of complex 
distances is therefore assumed to be true (mod 2/c7ri). We have the fol- 
lowing identities d^*(a*,/3*) = -d^* (/3*, a*); d_^. (a*,/3*) = -d^. (a*, 
and d^.(-Q*,/3*) = d^.(a*,/3*) -|- ivr. 
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We let d(a*,/3*) (without a subscript for d) denote the unsigned com- 
plex distance equal to d^*{a*,/3*) modulo < z — >■ —z >. We will write 
d(a*,/3*) e (C/27riZ)/Z2, where Z2 of course stands for < z -z >. We 
observe that d{a*,P*) = d{P*,a*) = d{-a*,-f3*) = d{-(3*,-a*). 

For a loxodromic element A G PSL(2,C), by l(^) we denote its complex 
translation length. The number l(^) has a positive real part and it is defined 
(mod 2kTTi), fc G Z. By 7* we denote the oriented axis of A, where 7* is 
oriented so that the attracting fixed point of A follows the repelling fixed 
point. 

Let be a topological pair of pants (a three holed sphere). Wc consider 
n'' as a manifold with boimdary, that is we assume that 11^ contains its 
cuffs. We say that a pair of pants in a closed hyperbolic 3-manifold is 
an injective homomorphism p : 7ri(n°) 7ri(M^), up to conjugacy. This 
induces a representation 

/9:7ri(nO)^PSL(2,C), 

up to conjugacy, which in general we also call a free-floating pair of pants. 
A pair of pants in is determined by (and determines) a continuous map 
/ : n*^ — )• M'^, up to homotopy, and free-floating pair of pants likewise 
determines a map 

/:nO^MVp(7ri(nO)) = Mp, 

up to homotopy. 

Suppose p : 7ri(n'') — t- PSL(2,C) is a free-floating pair of pants, and 
P = f*j where f : U.^ ^ Mp. We orient the components Cj of 911'' so that 
n'^ is on the left of each Q. For each i, there is a unique oriented closed 
geodesic 7^ in Mp freely homotopic to f{Co). Now let be the simple 
non-separating arc on n° connecting Ci_i and Cj+i (we take the subscript 
(mod 3)). We can homotop / so that / maps each Cj to 7^, and maps to 
an arc r)i from 7j_i to 7^+1 that is orthogonal at its endpoints to 7i_i and 

While such an / is not unique, the 1-complex made of the 7^ and the 
rii together divide /(II'^) into two singular regions whose boundaries are 
geodesic right-angled hexagons. Because the geometry of each of these two 
hexagons is determined by these unsigned complex distances d^. (7j_i, 7i+i), 
the two right-angled hexagons are isometric. 

Let us fix for the moment i G {0, 1,2}. We then orient rji-i and r/j+i 
to point away from 7^ (so the signed complex distance d^._,_^ (7^, 7j^i) has 
positive real part). Recall that d^^(r/j_i, r/j+i) denotes the signed complex 
distance from rji-i to r/i+i, along 7^. Because the two hexagons are isometric, 

^-tiiVi-i^Vi+i) = d7i(r?i+i,r/i_i). 

We let 



hl(7i) = dJ^{r]i^l,r]i+l). 
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We can also think of this definition on the universal cover as follows: 
We conjugate p so that there is a lift 7^ of 7, to = {{x,y,z) : z > 0} 
that connects and 00. We let A^. £ PSL(2, C) be such that 7^ = ji/{A^^). 
Then A^. : ^ extends to map C = dM.^ to itself hy z e'^^*) • z. 

Moreover, the lifts of r/j-i and r/j+i that intersect 7^ will alternate along 
7i (so we can define d^^(77j_i, T^j+i) as d7j.{rji-i,rji+i), where rji-i is a lift of 
rji-i that intersects 7^ and r)j-|_i is the next lift of 77^+1 along 7j). If we define 
y/A^i G PSL(2, C) so that it maps z e^'^'''') • z, then it will map the lifts 
of r]i-i to the lifts of and vice verse. 

Moreover, the unit normal bundle N^{'ji) is a torsor for C* = C/27riZ, 
and the unit normal bundle N^^yi) is a torsor for 

C7(^^J = C/27riZ + l(7i) • Z. 

Remark. Let G be a group and let X be a space on which G acts. We say 
that X is a torsor for G (or that X is a G-torsor) if for any two elements xi 
and X2 of X there exists a unique group element g E G with g{xi) = X2- 

By a mild abuse of notation, we let 
This is a torsor for 

C7(yA^) = C/27riZ + hl(7i) • Z. 

For i / j, i,j = 0, 1, 2, we let n{i,j) G N^i'Ji) be the unit vector at ^iHrij 
pointing along rjj. Then y^A^. interchanges n(i,i — 1) and n{i,i + 1), so 
we can think of the unordered pair {n(i, i — 1), n(i, i + 1)} as an element of 
A^^(^/7i). We call this element foot-y.(p) or foot-y. (/) where / : II" — )• Mp is 
a map whose homotopy class is determined by p. 

If p : 7ri(n°) PSL(2,C) is a representation for which hl(G) G R+ 
for each C G dU^, then, after conjugation, p(7ri(n0)) G PSL(2,M) < 
PSL(2,C), and IHI^/p(7ri(n*^)) is a topological pair of pants (homeomor- 
phic to the interior of 11*^). Also the converse is true: if we are given 
p : 7ri(n0) PSL(2,R) and if / p{tti{U^)) is homeomorphic to the inte- 
rior of no, then hl(C) G M+ for each cuff C G dn^. 

Now suppose that 5° is a closed surface (of genus at least 2), and C° a 
maximal set of simple closed curves on (the curves in are disjoint, 
non-isotopic and nontrivial). By C* we denote the set of oriented curves 
from (each curve is taken with both orientations) . A pair of pants 11 for 
{S^,C'^) is the closure of a component of iS*^ \ IJC°, and a marked pair of 
pants is a pair (11, C), where C G C* is an oriented closed curve such that 
C G dn, and C lies to the left of 11. For any marked pair of pants (11, C), 
there is a unique marked pair of pants (11', C") such that C = —C (where 
—C denotes the curve C but with the opposite orientation). We observe in 
passing that 11 can be equal to 11'. 

Now suppose that 

/9:7ri(5°)^PSL(2,C) 
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is a representation that is discrete and faithful when restricted to 7ri(n), 
for each pair of pants 11 in S"*^ \ IJC'^. By Mp we again denote the quotient 
'M? / p{'Ki{S^)) . Suppose that p = f^^ for some continuous map f : ^ Mp. 
Then for each marked pair of pants (11, C) we let 7 be the oriented geodesic 
freely homotopic to /(C). As before, we define hln(7) using /In- 
Let (n',C") be the marked pair of pants such that C' = —C. Then 
hln(C) = hln'(C), or hln(C) = hln'(C) + Z7r. In the former case, (y^X^) = 
(y^j4y ), SO N^{-s/^) = N^{\fY) literally. In this case we write hl(C) = 
hln(C) = hln'(C). 

Definition 2.1. Let and be as above. We say that a representation 

p : 7ri(S°) ^ PSL(2,C) 

is viable if 

• p is discrete and faithful when restricted to vri (11) , for each pair of 
pants n in \ \^C^ , 

• hl(C) = hln(C) = hln'(C), for each C £ C°, where U and W are 
two pairs of pants that contain C. 

Given a viable representation p : vri(S'°) — PSL(2, C), we let 

s{C) = ioot-y{p\u) — foot^'(pln') — ivr. 

Then s{C) G C/27riZ+hI(C)-Z. If we reverse the roles of (H, C) and (H', C), 
we negate the difference of the two feet, but we also reverse the orientation 
of 7, so we get the same element s(C) G C/27riZ + hl(C) -Z. The coordinates 
(hl(C), s(C)) are called the reduced complex Fenchel-Nielsen coordinates for 
P- 

The following is the main result of this section and it will be used later 
in the paper. 

Theorem 2.1. Let < e < t where t > is a universal constant. Then 
there exists Rq = Ro{e) > such that the following holds. Let 5" be a closed 
topological surface with a pants decomposition C". Suppose that p : 7ri{S^) — )• 
PSL(2, C) is a viable representation such that 

|hl(C7) - ^1 < e, and \s{C) - 1| < 

2 K 

for some R > Rq > 0. Then there exists a viable representation po : 
7ri(5°) ^ PSL(2,C) such that hl(C) = R and s(C) = 1 for all C G 
and a K-quasisymmetric map h : dM'^ — )• dM"^ so that po{Tri{S^))h = 
p{7:i{S^)), where K = K{e) and K{e) — )• 1 uniformly when e — )■ 0. Ln par- 
ticular, the representation p is injective and the group p{7ri{S^)) is quasi- 
fuchsian. 



2.2. Holomorphic families of representations. In this subsection we 
state Theorem 2.2 that will imply Theorem 2.1 The rest of Section 2 is 
devoted to proving Theorem 2.2 
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Fix a closed surface with a pants decomposition C^. Fix a pair of pants 
n from \C^, and let Co, Ci, C2 E C'' denote the cuffs of IT. The inclusion 
n — )• S''^ induces an embedding 7ri(n) — )■ vri(5'^) (such embedding is well 
defined up to conjugation). Let co,ci G '/ri(n) C 7ri(S''') be elements in the 
conjugacy classes corresponding to Co and Ci respectively. 

Let p : TTi{S^) — PSL(2, C) be a viable representation. After conjugating 
p by an element of PSL(2, C), we may assume that the axis of p{cq) is the 
geodesic in that connects and 00 (such that is the repelling point) and 
that the point 1 € dM^ is the repelling point of p(ci) (such a conjugation 
exists since p is viable and the restriction of p to '/ri(n) is injective). Such p 
is said to be normalized (the normalization depends on the choice of cq and 
ci but we suppress this). 

Let i? > 0, and we let Q denote the set of all pairs {zc,wc), C G C°, 
where for each C we have 

(1) zc G C/27riZ and \zc - §\ < I, 

(2) wc G C/27r« + ZC-Z and |s(C) - 1| < 7^ • 

For simplicity we let z = {zc)c&c'^ and w = {wc)c&c°- I* follows from 
[lOj and [16] that when R is large enough (say R> 2), for each {z,w) G $7 
there exists a normalized viable representation p : iti{S^) — )• PSL(2, C) such 
that hl(C) = zc and s(C) = wc- 

Remark. Such a normalized representation p is not unique since (hl(C), s(C)) 
are the reduced complex Fenchel-Nielsen coordinates and they determine the 
normalized representation only if we specify the marking of the cuffs (that 
is, a normalized viable representation is uniquely determined by the choice 
of the (non-reduced) Fenchel-Nielsen coordinates). 

Suppose that we are given a normalized viable representation p' : 7ri(S''^) — )■ 
PSL(2,C) suchthat |hl(C)-f I < land|s(C)-l| < jj, where (hl(C),s(C)) 
are the reduced complex Fenchel-Nielsen coordinates for p' . Let = hl(C) 
and w'q = s(C). Then (z',w') G It then follows from [IQl and that 
for each (z, w) G 0, there exists a unique normalized viable representation 
Pz,w ■■ vri(S'°) ^ PSL(2,C) such that 

• Zc = hl(C') and wc = s(C), where (hl(C),s(C)) are the reduced 
complex Fenchel-Nielsen coordinates for pz,w, 

• The family of representations pz,w varies holomorphically in {z,w), 

• p' = Pz\w>- 

Definition 2.2. For C ^ let CcVc S O, where B denotes the unit 
disc in the complex plane. Let r G O &e a complex parameter. Fix R > 1 
and let hl(C)(r) = i(i? + rCc) and s(C)(r) = 1 + By pr we denote 
the corresponding normalized viable representation with the reduced Fenchel- 
Nielsen coordinates (hl(C)(r), s(C)(t)). Note that p^ depends on Cc^VC but 
we suppress this. 

It follows that Pr depends holomorphically on r. The remainder of this 
section is devoted to proving the following theorem. 
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Figure 1. The geodesies O, Cj, Ni, Fi, and A 

Theorem 2.2. There exist constants R^'e > 0, such that the following 
holds. Let he any closed topological surface with a pants decomposi- 
tion and fix QciVc ^ ID) for C € . Then for every R > R and 
\t\ <e, the group pr{TTi{S^)) is quasifuchsian and the induced quasisym- 
metric map fr ■ dM'^ — )• dM^ (that conjugates po{7ri{S^)) to pT-(Tri{S^))) is 
K{T)-quasisymmetric, where 

Kir) = I^S. 



2.3. Notation and the brief outline of the proof of Theorem |2.2 

The fohowing notation remains vahd through the section. Fix , and 
CcVc G 15 as above. Denote by Cr{R) the collection of translation axes in 
of all the elements Pt{c), where c G 7ri(5'') is in the conjugacy class of 
some cuff C G C^. Fix two such axes C(r) and C(r) and let 0(r) be their 
common orthogonal in H^. Since C(r) and C(r) vary holomorphically in r 
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SO does 0{t) (this means that the endpoints of 0(r) vary holomorphically 
on 911'^). Note that the endpoints of 0{t) might not belong to the hmit set 
of the group pr{iTi{S^)). 

Let Co(0), Ci(0), C„+i(0) be the ordered cohection of geodesies from 
Co{R) that 0(0) intersects (and in this order) and so that Co(0) = C(0) 
and Cn+i{0) = C(0). The geodesic segment on 0(0) between Co(0) and 
C'n+i(0) intersects n > other geodesies from Co{R) (until the end of this 
section n will have the same meaning). We orient 0(0) so that it goes from 
00(0) to O„+i(0). We orient each 0^(0) so that the angle from 0(0) to Ci{0) 
is positive (recall that we fix in advance an orientation on the initial plane 
C so this angle is positive with respect to this orientation of the plane 
H^). Then the oriented geodesies Oj(T) vary holomorphically in r. 

Let Ni{T) be the common orthogonal between 0(r) and Ci{T) that is ori- 
ented so that the imaginary part of the complex distance d^.(T-)(0(r), Ciij)) 
is positive. Let Di^r), i = 0, ...,n be the common orthogonal between Ci(T) 
and Cj+i(r), that is oriented so that the angle from Di{0) to Ci{0) is posi- 
tive. Also, let Fi^r) be the common orthogonal between 0(t) and Di{T), for 
i = 0, ...,n. We orient Fi{T) so that the angle from 0(0) to Fi(0) is positive. 
Observe that Fq{t) = C'o(t) and Fnir) = C„+i(t). 

For simplicity, in the rest of this section we suppress the dependence on 
r, that is we write C'j(r) = Oj, 0(r) = O and so on. However, we still write 
Ci{d), 0(0), to distinguish the case r = 0. 



For Theorem 2.2 we need to estimate the quasisymmetric constant of the 
map /r, when r belongs to some small, but definite neighbourhood of the 
origin in D. In order to do that we want to estimate the derivative (with 
respect to r) (1^(00, On+i) of the complex distance do(C'o,On+i) between 
any two geodesies Co,On+i € Cr{R)- We will compute an upper bound of 
|dQ(Co, Cn+i) \ in terms of do (Co, 0„+i). This will lead to an inductive type 
of argument that will finish the proof. We will offer more explanations as 
we go along. 

2.4. The KerckhofF-Series-Wolpert type formula. In [16j C. Series has 
derived the formula for the derivative of the complex translation length of 
a (not necessarily simple) closed curve on under the representation pr- 
Using the same method (word by word) one can obtain the appropriate 
formula for the derivative of the complex distance dQ(^)(Oo(T), Cn+i{T)). 

Theorem 2.3. Letting ' denote the derivative with respect to r we have 



(1) d'o(Oo,0„+i) = ^cosh(di.^(0, A))d'B^(Ci,Oi+i)+ 

n 

+ cosh(d;v,(0, Oi))d'e^(A-i, A). 



2 = 1 
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Proof. For each i = 1 , . . . , n consider the skew right-angled hexagon with 
sides O, Fi, Di, d, Di-i, Fi-i. Since each hexagon varies holomorphically 
in T we have the foUowing derivative formula in each hexagon (this is the 
formula (7) in [IB]) 



d'o(Fi_i,Fi) = cosh(d^^(0,C7i))d'c^(A-i, A)+ 

(2) + cosh(d^^.,(0, A-i))d'B,_^ Ci) 

+ cosh{dF,{0,Di))d'j,^{Ci,F). 

The following relations Q , Q and ([s]) are direct corollaries of the identities 
-^0 = Co and Fn = Cn+i- We have 

n 

(3) J^do(F,_i,F,) = do(Co,C„+i). 
1=1 

Also 

(4) d'^„(Fo,Ci) = d'^„(Co,Ci), 
and 

(5) d'^JC„,F„) = d'^JC„,C7„+i). 
Also for 1 = 1 , . . . , n we observe the identity 

dD,{Ci,Fi) + dD,{Fi,Ci+i) = doM^Ci+i). 

Putting all this together and summing up the formulae ([2]), for i = 1, 
we obtain ([T]). 



□ 

Let -ff be a consistently oriented skew right-angled hexagon with sides 
Ljt, k £ Z, and = Lfc+e- Set a{k) = dL^{Lk-i, Lf^^i). Recall the cosine 
formula 

coshffjfA; -|- 3)) — coshfcjfA; -|- 1)) cosh(c7(/c — 1)) 

coshfcrffcj) = . , , . - , ,, — T . 

^ ^ sinh((T(A; -M)) sinh(cr(A; - 1)) 

Assume that a{2j -|- 1) = ^{R + a2j+i) + w, j = 0, 1,2, and a2j+i G D. 
A hexagon with this property is called a thin hexagon. From the cosine 
formula for a skew right-angled hexagon we have (see also Lemma 5.1 in [Ij) 

(6) a{2j) = 2e3[-^+'^2^+3-'^2,+i-a2,-i] + 0(e~^). 

From the pentagon formula the hyperbolic distance between opposite sides 
in the hexagon can be estimated as (see Lemma 5.4 in [1] and Lemma 2.1 
in m\) 



(7) |-10<d(Lfe,Lfc+3) < j + 10, 

for R large enough. 
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Lemma 2.1. Suppose that \do{Co,Cn+i)\ < "f- Then for R large enough 
the following estimate holds 

|d'o(Co,a.+i)| < 20e-f + ^ f max e'^^'^'A . 

^ — ' H \ l<i<n I 

Proof. Let 7 be the geodesic segment on 0(0) that runs between Cj(0) and 
Cj+i(0). Then 7 is a lift of a geodesic arc connecting two cuffs in the pair of 
pants whose all three cuffs have length K. Since the length of 7 is at most 
^ we have from ([t]) that 7 connects two different cuffs in this pair of pants 
and is freely homotopic to the shortest orthogonal arc between these two 
cuffs in this pair of pants. This implies that there exists C G C(i?) such that 
the hexagon determined by Cj,Cj+i and C is a thin hexagon. Then Di is 
a side of this hexagon since it is the common orthogonal for d and Cj+i. 
Taking into account that the orientation of Di that comes from this hexagon 
is the opposite to the one we defined above in terms of O and applying Q 
we obtain 



(8) 



+ 0(e 



3-R , 
4 



where Cj, Cj+iX ^ ^ are the complex numbers associated to the correspond- 
ing C G C*^ in Definition 2.2 Differentiating the cosine formula for the skew 



right-angled hexagon we get 



\d'nACj,C,+i)\<20e 



R 

' 4 



for R large enough (here we use |Cc|) kl < !)• 

On the other hand dcj{Dj^i, Dj) = 1 + —j^, where ?7j-i G D is the 
corresponding number. Differentiating this identity gives \d'Q,(Dj-i, Dj)\ < 

(we use l^/j-il < 1). Combining these estimates with the equality of 



R 



Theorem 2.3 proves the lemma. 



□ 



2.5. Preliminary estimates. The purpose of the next two subsections is 
to estimate the two terms on the right-hand side of the inequality of Lemma 



2.1 in terms of the complex distance do(Co, Cn+i). We will show that 

|d'o(Co,C„+i)| < CF{do{Co,Cn+i)), 
where C is a constant and F is the function F{x) = xe^. We will obtain 



this estimate under some natural assumptions (see Assumption 2.1 below). 

Let a, (3 be two oriented geodesies in such that d{a, (3) > and let 
O be their common orthogonal (with either orientation) . Let qo = (3 O . 
Let t G M and let g : M — )• /3 be the parametrisation by arc length such that 
q{0) = qq. The following trigonometric formula follows directly from the 
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Figure 2. The z's and the w's 

cosh and sinh rules for right angled triangles in the hyperbolic plane (the 

planar case of this formula was stated in Lemma 2.4.7 in 

(9) 

smh^{d{q{t),a)) = sinli^ {d{a, P)) cosli^{t) +sinh^(t) sin2(Im[do(a, /3)]). 
This yields the following inequality that will suffice for us 

(10) sinh(d(a, /?)) cosh(t) < smh{d{q{t) , a)) . 
From this we derive: 

(11) \t\< d{q{t), a)- log d{a, 13), for every t e M, 
and 

(12) \t\ < log d{q{t), a) + 1 -log d{a,/3), when d{q{t), a) < 1. 

Let 7 = 7(t), t G O, be an oriented geodesic in that varies continu- 
ously in r, and such that 7(0) belongs to the plane C that contains 
the lamination Cq^R) (the common orthogonal O from the previous subsec- 
tion is an example of 7 but there is no need to restrict ourselves to O in 
order to prove the estimates below). Let Ci(0), Cfc(O) be an ordered sub- 
set of geodesies from Co{R) that 7(0) consecutively intersects (this means 
that the segment of 7(0) between Ci{0) and Cj+i(0) does not intersect any 
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other geodesic from Co{R))- Orient each d so that the angle from 7(0) to 
Cj(0) is positive. Let Ni be the common orthogonal between 7 and Ci, and 
let Zi = NiCi Ci and = iVj n 7. (See Figure [2]). Let A, i = 1, k be 
the common orthogonal between d and Cj+i and let w~ = Di Ci Ci and 
wf = Did Cj+i. As long as the distance between Zi and Zj+i is at most ^, 
then (as seen in the previous subsection) for R large enough we have 

(13) dz5,(C„a+i) = (2 + o(l))e-f+-'^ < 

where fi € C and < | (see ([s]) ). Then it follows from the definition of 
Cr{R) that 



(14) 



dc,{w+_^,w- ) 



for some j S Z, where f] = r]c and C = Cc a-re the complex numbers from 
the unit disc that correspond to the cuff in C E C'' whose lift is Cj(0). Here 
fiCi{'wf_i,w^) denotes the signed hyperbolic distance. 

Lemma 2.2. Assume that d{zi,Zi^i) < , for i = l,...,/c — 1. Set ai = 

dci{zi,w~). Then for R large enough the following inequalities hold 

(1) Oj+i - aj < 1 + i = 1, k - 2 

(2) k<R. 

Proof. Since the distance between each pair Zi and Zj+i is at most e~^, 
applying ( 12 ) and ( 13 ) to all pairs a = Ci and (3 = Cj+i yields the inequality 

(15) 



d{zi,wl_^),d{zi,wl 



for each i = 1, ...,k — 1. By the triangle inequality we have 

R . 



(16) 



< 



On the other hand, from ( 14 ) we obtain 

Since |T|,|Cl)kl < 1 and from (16) we get 

1 - ^ 
b1< ° 



< 



2 R 
R^2 



4 + 2) 



1 



R 



which shows that j = in (14). 
From (15) we have 

(17) 



\a^\ < 



We write (using the triangle inequality) 

Oj+i -ai-l< d{w~,wf) + d{zi,Zi+i) + \d{wf , w~^-^^) - 1|. 



14 



KAHN AND MARKOVIC 



By ( 13 ) we have 

R 



d{w,- ,w^) <e 4+2. 

The assumption of the lemma is d{zi, ^i+i) ^ It foUows from (14) (and 
the established fact that in this case j = 0) that 



\d{wt,wr^,)-l\<\ReQ)\<]^. 



Therefore 

ai+i - ai-l < e~^, 
which proves the first part of the lemma. 



From (17) we have — ^ < oi, which implies that ak-i > {k — l){l — e ^] 



^. Again from (17) we have a^-i < ^, which proves 



4 



□ 

The following lemma is a corollary of the previous one. 

Lemma 2.3. Let ^ he a geodesic segment in ^ that is transverse to the 
lamination Cq{R). For R large enough, the number of geodesies from Cq{R) 
that 7 intersects is at most (2 + i?)e^|7|. 

Proof. As above denote by Ci(0), i = 1, A:, the geodesies from Cq{R) that 
7 intersects. Using the above notation, let ji, G {0, .., k}, be such that 
d(z,-,(0),z,,+i(0)) >e-5. Then 

/<4t = e'l7l- 
e ° 

By definition, the open segment between ^jj(O) and 2;j.+i(0) does not inter- 
sect any geodesies from Cq[R). 

On the other hand, by the previous lemma the number of geodesies from 
Co{R) that the subsegment of 7 between 2;j.+i(0) and ^^^^^(O) intersects 
is at most R (because the distance between any Zi{0) and Zj+i(0) in this 
range is at most e~^). Since there are at most / such segments we have 
that the total number of geodesies from Cq{R) that 7 intersects is at most 
2l + lR<{2 + R)e^\-f\. □ 

2.6. Estimating the derivative |dQ(Co, Cn+i) I . We now combine the no- 
tation of the previous two subsections (and set 7 = 0). In the following 
lemmas we prove estimates for the two terms on the right-hand side in the 



inequality of Lemma 2.1, that are independent of R. 



We first estimate the second term in the inequality of Lemma 2.1 
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Lemma 2.4. We have 



^ ( max e'^e^'^'M < 1000d(Co(0), C„+i(0)) ( max e^^^'^^M , 

it \yl<i<n J \l<i<'^ / 

where n is the number of geodesies that 0(0) intersects between Co(0) and 

Cn+l{0). 



Proof. From Lemma |2.3| we have 

n < (2 + R)e^d{Co{0), C„+i(0)) < 1000Rd{Co{0), C„+i(0)), 
which proves the lemma. 



□ 



We now bound the first term in the inequality of Lemma 2.1 under the 
following assumption. 

Assumption 2.1. Assume that for some r G D the following estimates hold 
for i = 0, n + 1, 

1 



d{zi,zi{0)), d{0,Ci) < ^e-'. 



We have 



Lemma 2.5. Under Assumption 2.1 and for R large enough we have 

n+l 



20e-t ^e'^^O'^') < lo8d(Co(0),C„+i(0))e'^(^«(o)'^"+^W) 

j=0 



Proof. Recall z[ = Ni (1 O (note zq = z'q and Zn+i = ^n^\ since O is the 
common orthogonal between Co and Cn+i). Observe 

(18) d(0, A) < d{^i,Zi)^d{zi,w-) = d{0,Ci) + \ai\ < l + \ai\. 



It follows from (11) that 

\ai\ = d{zi,wl') < d{zi , Ci+i ) - log d{Ci , Q+i ) 
We observe the estimate (i(zi, Cj+i) < (i(zi,Zj+i). On the other hand, by 



(13) we have 

dB,(Q,a+i) = (2 + o(l))e-f+^^ 
so for R large enough (such that |o(l)| < 1) we find that (using the estimate 

\T^x\ < 1) 

d{Ci,a+i)>e-^-\ 
that is - logd(Ci, Cj+i) < f + 1. It follows that 

R 

\ai\ < d{zi,Zi+i) + J + 1- 
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From 

(19) \d{z^,Zi+i)-d{zi{0),Zi+i{0))\ <d{zi,z,{0)) + d{zi+i,Zi+i{0)) < 
and d{zi{0),zi+i{0)) < d(Co(0), C„+i(0)), we obtain 



(20) 



\ai\ < | + d(C7o(0),C,+i(0)) + 2. 



Let G {l,..,n — 1}, be such that d{zj-, Zj-^i) > e ^ (note that 

I = 1{t) depends on r). Set jo = and j^+i = n. From (19) we have 
(i(2;j. (0), Zj^+i(0)) > ^ for each 1 < i < I. The intervals (2:j(0), Zi+i(0)) 
partition the arc between 2;o(0) and 2;„+i(0) so we get 



(21) 



Let < i < / + 1. For ji + I < t < jj+i we have (i(zt, z^+i) < e ^. It 
follows from Lemma 12.21 that 

1 

- < at+i - at. 

We see that in this interval the sequence at is an increasing sequence. Com- 
bining this with ( 20 ) and ( 18 ) we obtain 

(22) 



^d{0,Dt) < 2ef+'^(Co(0),C„+i(0))+3^g-| 



t=ji+l 



t=0 



< 



We have 



n+l 



/+1 ji+l 



y e'iCO.A) <(/ + !) max e^^^^'^') + V V e 



d{0,Dt) 



i=0 



i=Q t=ji+l 



By (18), (20) we have 



,d{0,D,) ^ gf +d(Co(0),C„+i(0))+2_ 



Also, by (|21j) and (|22j) we have 

^ e'^(0'^')<(2eMCo(0),a+i(0)) + l)x 200ef+'='(^o(°)'^"+^(o» 
i=0 t=ji+l 

< lo6d(C7o(0), a+i(0))ef 
Combining all this gives 

n+l 

20e-f ^e'^^O'^') < lo8d(Co(0),C„+i(0))e'^(^«W'^"+iW). 

i=0 
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□ 

The previous two lemmas together with Lemma 2.1 imply 

„ n . . \ ^ _ 

5 ' 



Lemma 2.6. Under Assumption 2.1 and assuming that d{Co,Cn+i) < ^ 
for R large enough we have 

|d'o(Co,C7„+i)| < lo9d(C7o(0),C„+i(0))e'^(^»W'^"+^W). 

Proof. By Lemma |2.1| the estimate 



|d'o(Co,a+i)| < 20e-f y;e^(0,A) + !^ ^^ax e^^^^^'A 

^ — ' K \ l<i<n / 

holds for R large enough (recall that n is the number of geodesies that 0(0) 
intersects between Co(0) and C„+i(0)). By Lemma 2.4 we have 

^ f max e'^^^'^A < 1000d(Co(0), C„+i(0)) f max e^(^'^») 



By Assumption 2.1 we have that 



d{0,a)<^e-^ 



for every 0<i<n+l, sowe obtain 
- ( .d[0,C,) 



^ . max e'*^^'^'^ < 3000d(Co(0), C„+i(0)). 



On the other hand, by Lemma 2.5 we have 

n+l 

20e-f ^e'^^O'^') < lo8d(Co(0),C„+i(0))e'^(^°(o)'^"+^W). 

1=0 

Putting the above estimates together proves the lemma. 



□ 



2.7. The family of surfaces S(i?). We will consider geodesic laminations 
on a closed hyperbolic surface, and on its universal cover, the hyperbolic 
plane, which we will identify with the unit disk. By recording the endpoints 
of the leaves of a lamination of the unit disk, we can think of the lamination 
as a symmetric subset of 9D x 5D, and by adding the diagonal, we obtain 
a closed subset of x 9D. The Hausdorff topology on such closed subsets 
will give us what we will call the Hausdorff topology on geodesic laminations 
of the unit disk. 
We have 

Definition 2.3. Let R> 1 and let P{R) he the pair of pants whose all three 
cuffs have the length R. We define the surface S{R) to be the genus two 
surface that is obtained by gluing two copies of P{R) alongside the cuffs with 
the twist parameter equal to +1 (these are the Fenchel- Niels en coordinates 
for S{R)). The surface S{R) can also be obtained by first doubling P{R) 
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and then applying the right earthquake of length 1, where the lamination 
that supports the earthquake is the union of the three cuffs of P{R). 

By Orb(i?) we denote the quotient orbifold of the surface S(i?) (the quo- 
tient of S(i?) by the group of automorphisms of S(i?)). Observe that the 
Riemann surface ^ / pq{t:i{S^)) is a regular finite degree cover of the orb- 
ifold Orb(i?). In particular there exists a Fuchsian group G{R) such that 
Orb(i?) = m^/G{R) and that pq{tti{S^)) < G{R) is a finite index subgroup. 
It is important to point out that the lamination Co{R) is invariant under 
the group G{R). In fact, one can define the group G{R) as the group of 
all elements of PSL(2,M) that leave invariant the lamination Co{R) C H^. 
Observe that the group G{R) acts transitively on the geodesies from Co{R), 
that is the G(-R)-orbit of a geodesic from Co{R) is equal to Co{R). 

Although the marked family of surfaces S{R) (marked by its Fenchel- 
Nielsen coordinates defined above) tends to oo in the Teichmiiller space of 
genus two surfaces, the unmarked family S{R) stays in some compact set in 
the moduli space of genus two surfaces. We prove this fact below. 

Lemma 2.7. For R large enough, the length of the shortest closed geodesic 
on the surface S{R) is at least e~^. 

Proof. Suppose that the length of the shortest closed geodesic on S(i?) is less 
than and let 7 be a lift of this geodesic to (this geodesic is transverse 
to the lamination Cq{R) because otherwise 7 G Co{R) which implies that 
the length of the shortest closed geodesic on S{R) is equal to R). Then by 
Lemma |2.2| every subsegment of 7 can intersect at most R geodesies from 
Cq{R), which means that 7 intersects at most R geodesies from Co{R). This 
is impossible since 7 is a lift of a closed geodesic that is transverse to Co{R) 
so it has to intersect infinitely many geodesies from Cq{R). This proves the 
lemma. 

□ 

The conclusion is that the family of (unmarked) Riemann surfaces S{R) 
stays in some compact set in the moduli space of genus two surfaces. One 
can describe the accumulation set of the family S{R) in the moduli space 
as follows. Let P be a pair of pants that is decomposed into two ideal 
triangles so that all three shears between these two ideal triangles are equal 
to 1. Then all three cuffs have the length equal to 2. Let St, t G [0, 1] be 
the genus two Riemann surface that is obtained by gluing one copy of P 
onto another copy of P (along the three cuffs) and twisting by +2t along 
each cuff. The "circle" of surfaces St is the accumulation set of S(i?), when 
R ^ 00. Note that the edges of the ideal triangles that appear in the pants 
P are the limits of the {R long) cuffs from the pairs of pants P{R)- 

Then we have the induced circle of orbifolds Orb^. Let Gt be a circle of 
Fuchsian groups such that Orb^ = M'^ /Gt- By Co,t we denote the lamination 
in that is the lift of the corresponding ideal triangulation on St- Then 
up to a conjugation by elements of PSL(2,M), the circle of groups Gt is 
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the accumulation set of the groups G{R), when ii — )• oo, and the circle 
of laminations Co,t is the accumulation set of the laminations Co{R). We 
observe that the group Gt acts transitively on Co,t. 

2.8. Quasisymmetric maps and hyperbolic geometry. In this subsec- 
tion we state and prove a few preparatory statements about quasisymmetric 
maps and the complex distances between geodesies in M^, culminating in 
Theorem [ 



Definition 2.4. We say that a geodesic lamination A on is nonelemen- 
tary if neither of the following holds: 

(1) There exists z G dE? that is an endpoint of every leaf of A. 

(2) There exists a geodesic O C that is orthogonal to every leaf of X. 

Of course, A has at least three elements if A is nonelementary. Moreover 
if A is nonelementary then there is a sublamination A' C A such that A' 
contains exactly three geodesies and that such that A' is nonelementary. 

Let A be a geodesic lamination, all of whose leaves have disjoint closures. 
By d\ we denote the union of the endpoints of leaves from A. We let lx : 
d\ — )• d\ be the involution such that l\ exchanges the two points of da, for 
every leaf a G A. 

We say that a quasisymmetric map g : dM"^ — )• dM.^ is ^C-quasisymmetric 
if for every 4 points on dM.'^ with cross ratio equal to —1, the cross ratio 
of the image four points is within logK hyperbolic distance of —1 for the 
hyperbolic metric on C\ {0, 1, oo} (observe that a map is i^-quasisymmetric 
if and only if it has a iC'-quasiconformal extension to dM^ for some K' > 1). 

If a and /3 are oriented geodesies in by d(a, (3) we denote their unsigned 
complex distance. 

Lemma 2.8. Suppose that A is nonelementary, and / : 5A — ?■ dM^ is such 
that 

d(/(a),/(/3)) = dK/3), 
for all a,l3 & X. Then there is a unique Mobius transformation T such that 
either 

(1) T = f on dX, or 

(2) T = foLx on dX. 

The second case can only occur when all the leaves of A have disjoint 
closures. We will prove two special cases of Lemma 2.8 before we prove the 
lemma. 

If the endpoints of a are x and y and a is oriented from x to y then we 
write da = {x,y). The following lemma is elementary. 

Lemma 2.9. For every d G C/27riZ/Z2, with d ^ 0, there exists a unique 
s G C/27riZ such that for two oriented geodesies a and /? we have d(a, 0) = d 
if and only if dp = {x,y) and y = Ts^a{x), where Tg^a is the translation by 
s along a. 
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Proposition 2.1. Suppose that ao,ai,a2 are oriented geodesies in H'^ for 
which d{ai, aj) ^ for i ^ j , and ao, ai, a2 do not have a common orthog- 
onal. Suppose aQ,a'^,a2 are such that d(ai,aj) = d{a[,a'j). Then we can 
find a unique T G PSL(2,C) that satisfies one of the two conditions 

(1) T{a,) = a[, i = 0,1,2, 

(2) T{ai) = —Oi\, i = 0,1,2, where —a[ is a'^ with the orientation re- 
versed, 

Proof. Given aj and a[ satisfying the hypotheses of the proposition we can 
assume that ai = a[ for i = 0, 1. Let di = d{ai,a2), and let Tj = Td^^a^ as 



in Lemma |2.9[ Then by Lemma 2.9 for any /3 for which d(aj,/3) = di we 
have Ti{x) = y where 9/3 = {x,y). Thus (Tj~^ o Tf)){x) = x. Since Ti ^ Tq 
(because ao / ai), we see that the equation d(aj, /3) = di (in /3) has at most 
as many solutions as the equation (Tj~^ o ro)(x) = x, x G SH^. Therefore 
d(Q!j,/3) = di has at most two solutions and it has at most one solution if 
Tj"^ o To has a unique fixed point on dM?. 

On the other hand if we let Q be the Mobius transformation such that 
Q{ai) = —ai, for i = 0, 1 (such Q exists since d{ai, aj) 7^ for z 7^ j). Let 
S2 = —Q{a2). Then d{ai,a2) = d{ai,a2) for i = 0,1. Therefore S2 / 02 
since ao,Q!i and a2 do not have a common orthogonal. We conclude that 
a'2 = OL2 or 0L2 = 02- 

□ 

Proposition 2.2. Suppose that distinct geodesies ao and ai in have a 
common endpoint x G dM? , and let /3 he another geodesic in such that x 
is not an endpoint of (3. Set E = dao U dai U df3. Let f : E ^ dM^ be such 
that d(/(aj), /(/?)) = d(ai,/3), i = 0,1. Then there exists a unique Mobius 
transformation T such that f = T on E. 

Proof. We can assume that the restriction of / to dao U dai is the identity. 
If 9/3 C dao U dai, then = 3 and we are finished. If d/3 n dao = {y} for 
some y, then we can write 9/3 = {y,z) (or {z,y)), and then df[j3) = {y,z') 
(or respectively {z',y)). But then z = z' because d(/(ai), /(/3)) = d(ai,/3) 



(here we use Lemma 2.9). Likewise if 9/3 n 9ai 7^ 



If 9/3 n (9ao U 9ai) = 0, then by Lemma [2^ 9/3 = {y,z) and 9/(/3) = 
{y',z') and z = To{y) = Ti{y), z' = To{y') = Ti{y'), where translates 
along ai, and then Tq^ o Ti has x as one of its fixed points, so the other 
must be y, so y' = y, so /(/3) = /3. □ 



Now we are ready to prove Lemma 2.8 



Proof. First suppose that A has two distinct leaves a, /3 with a common 
endpoint x. Then there is a unique T G PSL(2,C) for which T = / on 



da U 9/3. By Proposition 2.2 we have T(7) = 7(7), whenever 7 G A and x 
does not belong to 97. Because A is nonelementary we can find at least one 
such 7. 
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Now suppose 6 £ X and x E d6. We want to show T{5) = f{6). We 
can find T' £ PSL(2, C) such that T' = f on daU 86. By Proposition [2^ 



T'{-f) = /(7), so T and T' agree on daUdd, so T = T' , so f{6) = T{5), and 
we are done. 

Now suppose that any two distinct leaves of A have disjoint closures. Then 
we can find three leaves Oj, i = 0, 1, 2, with no common orthogonal (because 



A is nonelementary) . By Proposition 2.1 we can find a unique T G PSL(2, C) 
such that T = f on E = Ui=o oi T = f o l\ on E. In the latter case 
we can replace / with f o i^. In either case we can assume that T is not the 
identity. 

Now given any /? G A, we want to show that = (3. For i = 1,2 let 

Qi be the 180 degree rotation around Oj, the common orthogonal to ao and 
ai. If /(/3) / /?, then /(/3) = -Qi(/3) for i = 1,2, so Q^^ o Qi fixes the 
endpoints of /?. But Qq ^ o fixes the endpoints of oq, and /3 / ao> so this 
is impossible. So = /3 for every /3, and we are finished. 

□ 



We observe that Lemma 2.8 holds even if we do not require the lamination 
to be closed. 

Definition 2.5. Let X be a geodesic lamination on H^. An effective radius 
for X is a number M > such that every open hyperbolic disc of radius M in 
intersects X in a (not necessarily closed) nonelementary sublamination. 

We observe that the condition that the intersection of A and the open 
disc centred at z of radius M is nonelementary is open in both z and A. The 
following proposition follows easily from this observation. 

Proposition 2.3. Let A be a family of geodesic laminations on such 
that 

(1) if X£ A, and g G PSL(2,M), then g{X) G A, 

(2) A is closed (and hence compact) in the Hausdorff topology on the 
space of geodesic laminations modulo PSL(2,M), 

(3) if X £ A then X is nonelementary. 

Then we can find M > such that M is an effective radius for every 
A G A. 

We call such a family a closed invariant family of non-elementary lami- 
nations. For any i?i > we let A{Ri) be the closure of Ui?>i?i Co(-R) under 
properties [T] and [2] in Proposition |2.3[ We observe that taking the Hausdorff 
closure just adds the translates of all the Co,t under PSL(2,M), where Co,t 
was defined in the previous subsection. Hence A{Ri) is a closed invariant 
family of nonelementary laminations. 

We say that a lamination A is unflippable if it has two distinct leaves 
with a common endpoint, or if the involution ix is not continuous. The 
latter occurs if and only if there is a point of dX that is the limit of a 
sequence leaves of A whose diameter go to zero (or A has two distinct leaves 
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with a common endpoint). This will always occur when A is invariant by 
a nonclcmentary Puchsian group G, and A has a recurrent (or closed) leaf 
in H^/G. In particular, a nonempty lamination A that is invariant under a 
cocompact group is unflippable (and nonelementary) . We conclude that all 
of the laminations in A(i?i) are unflippable. 

We can now prove that a quasisymmetric map that locally preserves com- 
plex distances on an unflippable lamination is Mobius. 

Proposition 2.4. Suppose that A is an unflippable nonelementary lamina- 
tion. Suppose that M is an effective radius for A, and f : dEP — )• dM.^ is 
a continuous embedding such that d(f{a),f{/3)) = d(a,/3), for all a,/3 G A 
such that d{a, j3) < 3M. Then f is the restriction of a Mobius transforma- 
tion. 

Proof For z £ if let be the open disc of radius M centred at z, and 
Xz be the leaves of A that meet D^. Because M is an effective radius, A^ 
is nonelementary. Therefore there is a unique G PSL(2,C) such that 
either = / on dXz oi Tz = f o i\ on dXz- Now if d(z,z') < M, then 
d(/(a), /(/3)) = d(a, (3) for all a, f3 £ XzUXz', and A^UAz' is nonelementary, 
so Tz = T^i. We conclude that there is one T G PSL(2, C) such that T = f 
OT T = f o Lx on all of dX. But in the latter case, lx would be continuous, 
which is impossible since A is unflippable. □ 

We now characterize the sequences of if-quasiconformal maps whose di- 
latations do not go to 1. 

Lemma 2.10. Let Ki > K > I. Suppose that for m G N, : dM^ -> dif 
is Ki-quasisymmetric but not K -quasisymmetric. Then, after passing to a 
subsequence if necessary, we have that there exist hm,qm £ PSL(2, C) such 
that qm° fm° hm — )• /oo : <9EI^ dM? is a Ki- quasisymmetric map and f^o 
is not a restriction of a Mobius transformation on dif . 

Proof. Fix a, b,c,d G dif such that the cross ratio of these four points is 
equal to 1. Since fm is not K-quasisymmetric there exist points a^n, bm,Cm,dm G 
dif whose cross ratio is equal to one and such that the cross ratio of the 
points fm{am), fm{bm), fm{cm), fm{dm) € dif stays outside some closed 
disc U centred at the point 1 G C for every m. We let h„i be the Mobius 
transformation that maps a, b, c, d to Om, bm, Cm, dm- We then choose qm G 
PSL(2, C) such that qm° fm° hm fixes the points a, b, c. Then for each m 
the map qm° fm° hm is iCi -quasisymmetric and it fixes the points a, b, c. 

The standard normal family argument states that given L > 1, a sequence 
of L-quasisymmetric maps that all fix the same three distinct points, con- 
verges uniformly to a L-quasisymmetric map (after passing onto a subse- 
quence if necessary). Therefore, we have qm° fm° hm /oo- Moreover the 
cross ratio of the points fooio'), fooib), fooic), fooid) lies outside the disc U 
so we conclude that /oo is not a Mobius transformation on dBP. 

□ 
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We can now conclude the constant of quasisymmetry for / is close to 1 
when / changes the complex distance of neighbouring geodesies a sufficiently 
small amount. 

Theorem 2.4. Let A. he a closed invariant family of unflippable nonelemen- 
tary laminations, and let Ki > K > \. Then there exists 5 = A) > 

andT = T{A) such that the following holds. If X G A and f : dW"^ dM^ 
is a Ki-quasisymmetric map, and 

|d(/(a), /(/?))- d(a, < 5, 

for all Q, /3 G A such that d{a, (3) < T. Then f is K -quasisymmetric. 



Proof. By Proposition 2.3 we can find M = M{A) > such that M is an 
effective radius for every A G A. We let T = 3M. Suppose that there is no 
good 5. Then we can find Am £ A, fm (for m G N) such that 

|d(/(a), /(/?))- d(a, /3)| ^0,m^oo, 

uniformly for all a, /3 G Am for which d{a, /3) < T, but for which / is not 
iC-quasisymmetric. Passing to a subsequence and applying Lemma 2.101 we 



obtain Am Aoo £ A, and fm ^ foo '■ dM"^ — dM.^ such that foo is a Ki- 
quasisymmetric map that is not a Mobius transformation on dM^. Moreover 
d(/oo(a),/oo(/3)) = d(a,/3) for all a,/3 G Aoo with d{a,/3) <T = 3M. Then 
by Proposition |2.4[ f^o is a Mobius transformation, a contradiction. □ 



We can now derive a corollary, which is our object for this section: 

Theorem 2.5. Let Ki > K > 1, and let Ri = 10. There exists 5i = 
6i{K,Ki) > and a universal constant Ti such that the following holds. 
Suppose that R > Ri, and f : dM^ dM^ is a Ki- quasisymmetric map, 
and 

|d(/(a),/(/3))-d(a,/3)|<<5i, 
for all a, /3 £ Co{R) such that d{a,f3) < Ti. Then f is K -quasisymmetric. 



This follows immediately from Theorem 2.4, because A(i?i) is a closed 
invariant family of unflippable noninvariant laminations. Observe that Ti = 
3 All is a universal constant, where Mi is the effective radius of every lami- 
nation in A(i?i). 



2.9. Proof of Theorem 2.2 , In this section we will verify Assumption 



2.1 holds when the quasisymmetry constant for fj- is close to 1. This will 



permit us, thanks to Lemma 2.6, to verify the hypotheses of Theorem 2.5 



and thereby improve the quasisymmetry constant for f^. We thus obtain an 



inductive argument for Theorem 2.2 



This lemma is an abstraction of its corollary. Corollary 2.1 where A, B, C 
win beC7o(0),Ci(0),C7„+i(0). 

Lemma 2.11. For all 82, Ti > we can find K > 1 such that if 

(1) A,B,C are oriented geodesies in H^, d{A,C) > 0, and B separates 
A and C , 
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(2) d{A,C)<Ti, 

(3) O is the common orthogonal for A and C , 

(4) X = Ar\0, y = Br\0, 

(5) / : dM? —7- dM? is K -quasisymmetric, 

(6) dA' = f{dA), dB' = f{dB), and dC = f{dC) (taking into account 
the order of the endpoints), 

(7) O' is the common orthogonal to A' and C , and x' = A' r\ O' , 

(8) N is the common orthogonal to O' and B' , and y' = N f] O' , 

then d{0',B') < 62, and \do'{x',y') - d{x,y)\ < 82. 

Proof. First suppose that d[A, C) is small, say C) < T2 for some T2 > 0, 
and / is 2-quasisymmetric. Then by applying a Mobius transformation to 
the range and domain of / we can assume that dA = dA' = {0,oo}, and 
1 e do, I £ dO' (and hence dO = dO' = {-1,1}). Note that while 
/(O) = and /(oo) = 00, /(I) is not necessarily equal to 1. It follows that 
dC = {c, ^}, for c real and small (we can assume c > 0), and dC = {c', ^} 
where c' is small and c' = /(c), p- = f{\)- 

We let dB = {60, ti}, where 60,^ G (0,c). Then |/(6o)| < 10|c'|, and 
1/(^1) I > 11)1?" I because / is 2-quasisymmetric and / fixes 0,oo. Therefore, 
by choosing T2 to be small enough we can arrange that d{0',B'), d{x,y) 
and d{x',y') are as small as we want, so we conclude that for every ^2 > 
there exists T2 > such that if d{A,C) < T2, and / is 2-quasisymmetric 
then 

d{0',B'),\d{x,y)-d{x',y')\<52. 

So we need only show that for every 82 and Ti there exists K > 1 such that 
if d{A, C) G [r2, Ti], where T2 = 72(52), and all other hypotheses hold, then 

(23) d{0',B'),\d{x,y)-d{x',y')\<52. 

Suppose that this statement is false. Then we can find a sequence of 
An,Bn,Cn and fn for which /„ is i^Tn-quasisymmetric, Kn — )• 1, but for 



which (23) does not hold. Then normalizing and passing to a subsequence 
we obtain A,B,C in the limit, and fn — )• id. So A'^ A' = A, B'^ — )• 
B' = B, and — )• C = C. Moreover, because the common orthogonal 
to two geodesies varies continuously when the complex distance is non-zero, 
On^O and O; ^ O', so d{0' , B'J 0, and d{B'^, O) / 0. Also iV; ^ N, 
and {xn, yn, x'n,y'„) {x, y, x' , y'), and x' = x, y' = y so 

\d{Xn,yn) - d{Xn,yn)\ ^ 0. 



We conclude that (23) holds for large enough n, a contradiction. 

□ 

Assume that for some r G D the representation Pt : 7:i{S^) — )• PSL(2, C) 
is quasifuchsian and let : dH"^ — )• dM"^ be the normalised equivariant 
quasisymmetric map (that conjugates po{Tri{S^)) to pr{TTi{S^))). 
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Here we show that Assumption 2J. holds if fr is sufficiently close to being 
conformal. 

Corollary 2.1. Given Ti we can find Ki > 1 such that if fr is Ki- 
quasisymmetric then the following holds. Let Co(0), Cn+i(0) be geodesies in 
CoiR) such that d{Co{0),C„+i{0)) < Ti, and let Ci{0) £ Co{R), i = I, ■■.,n, 
denote the intermediate geodesies. Also, 0{0),0{t), Zi{0),Zi and Ci{T) are 
defined as usual. Then 

\d{zi,Zi+i) - d{zi{{)),Zi+i{{)))\ < —, 

and d{0,Ci) < 

Proof. We apply the previous lemma with 62 = ^i^. Then d{0,Ci) < ^j^. 
Furthermore 

\d{z'Q,z'i)-d{zo{0),Zi{0))\ < 



and 



so 



16 ' 

\d{zizl^,)-d{zo{0),Zi+,{0))\ < 
\diz'i,z'i+^)-diziiO),z^+i{0))\ < ' 



e-5 



Moreover 
and therefore 



8 

d{zi, Zi+i) < d{zl z^+i) + d{0, d) + d{0, d+i) 
\d{zi, Zi+i) - d{zi{0), Zi+i{0))\ < —. 



□ 



We are now ready to complete the proof of Theorem 2.2 Let R > Ri = 
10. Since the space of quasifuchsian representations of the group Tri{S^) is 
open (in the space of all representations), there exists < ei < 1 so that the 
disc D(0, ei) (of radius ei and centred at 0) is the maximal disc such that 
fr is i^i-quasisymmetric on all of D(0,ei), where Ki is the constant from 



Corollary 2.1 We can choose such ei to be positive because the map /o is 
1-quasisymmetric and given any > 1 we can find an open neighbourhood 
of in the r plane such that in that neighbourhood we have that every fr 
is i('-quasisymmetric. 

By that corollary, Assumption |2.1| holds for fr, for all r G D(0,ei). Let 



Co(0),Cn+i(0) G Co{R) be such that d(Co(0),Co(n + 1)) < Ti, where Ti is 



the constant from Theorem 2.5 From Lemma |2.6[ for R large enough and 
for every r G D(0,ei), we have 

|d'o(Co,C„+i)| < lO^Tie^i. 

This yields 

(24) |do(Co,a+i) - do(o)(Co(0),a+i(0))| < WhiTie^\ 
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for every r S D(0,ei). 

Let < (5i = 6i{y/Ki, Ki), be the corresponding constant from Theorem 
231 We show 

Si 



ei > 



lOSTie^i 



Assume that this is not the case. Then from (24) we have that for every 
r G D(0, ei) the map is \/S^-quasisymmetric (and hence for r G D(0, ei)). 
This implies that is i^Ti-quasisymmetric for every r E ID)(0, e) for some 
e > ei. But this contradicts the assumption that D(0, ei) is the maximal 
disc so that every is Ki-quasisymmetric. 

Set 

-=—^ 
^ lOSTie^i ■ 

Then for every r G 0(0,?), and for R large enough the map fr is Ki- 
quasisymmetric. 



We prove the other estimate in Theorem 2.2 as follows. First of all, by the 
Slodkowski extension theorem (for the statement and proof of this theorem 
see [H]), we can extend the maps fr to quasiconformal maps of the sphere 
dM'^ such that the Beltrami dilatation 

varies holomorphically in r for every fixed z £ dM^. Observe that ij-o{z) = 0, 
and |/iT-(^;)| < 1 for every r and z (recall that the absolute value of the 
Beltrami dilatation of any quasiconformal map is less than 1). For a fixed 
z we then apply the Schwartz lemma to the function Uriz), and this yields 
the desired estimate from Theorem 12. 2[ 



3. Surface group representations in 7ri(M^) 

3.1. Labelled collection of oriented skew pants. From now on M'^ = 
M^/Q is a fixed closed hyperbolic three manifold and Q a suitable Kleinian 
group. By F* and F we denote respectively the collection of oriented and un- 
oriented closed geodesies in M^. By —7* we denote the opposite orientation 
of an oriented geodesic 7* € F*. 

Let n" be a topological pair of pants. Recall (from the beginning of 
Section 2) that a pair of pants in a closed hyperbolic 3-manifold M'^ is 
an injective homomorphism p : 7ri(n'^) — t- 7ri(M^), up to conjugacy. A 
pair of pants in is determined by (and determines) a continuous map 
/ : n'' — 7- M^, up to homotopy. Moreover, the representation p induces a 
representation 

p : 7ri(n°) ^ PSL(2,C), 

up to conjugacy. 

Fix an orientation and a base point on H^. We equip with an orienta- 
tion preserving homeomorphism a; : H*^ — )• H*^, of order three that permutes 
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the cuffs and let uj\C), i = 0,1, 2, denote the oriented cuffs of II'^. We may 
assume that the base point of n'^ is fixed under co. By a; : 7ri(n°) 7ri(n'^) 
we also denote the induced isomorphism of the fundamental group (observe 
that the homeomorphism a; : II'' Xl" has a fixed point that is the base 
point for 11° so the isomorphism of the fundamental group is well defined). 
Choose c G 7ri(n'') to be an element in the conjugacy class that corresponds 
to the cuff C, such that uj'^^{c)cuj{c) = id. 

Definition 3.1. Let p : 7ri(n°) PSL(2,C) be a faithful representation. 
We say that p is an admissible representation if p{uj^{c)) is a loxodromic 
Mobius transformation, and 

where l(a;*(C)) is chosen so that —it < Im(l(a;*(C))) < tt. 

Definition 3.2. Let p : 7ri(n*') Q, he an admissible representation. A 
skew pants 11 is the conjugacy class 11 = [p\. The set of all skew pants is 
denoted by 11. 

For n G n we define 7^(^) G n as follows. Let p : ■ki{II^) ^ ^ be a 
representation such that [p] = 11, and set /9(aj*(c)) = Ai e Q. Define the 
representation pi : -7ri(n'^) Q hy pi{uj^^{c)) = A~^ . One verifies that pi 
is well defined and we let 7^(11) = [pi\. The mapping 7^ : II — >■ H is a fixed 
point free involution. 

For n e n such that 11 = [p] we let 7*(n,C(;*(c)) G F* denote the oriented 
geodesic that represents the conjugacy class of p(a;*(c)). Observe the identity 
7*(7^(^),^J*(c)) = -7*(n,w-*(c)). The set of pairs (n,7*), where 7* = 
7*(n, w*(c)), for some i = 0, 1, 2, is called the set of marked skew pants and 
denoted by 11*. 

There is the induced (fixed point free) involution TZ : U* — > 11* , given by 

7^(^,7*(^,a;*(c))) = (7^(^),7*(7^(^),^J-*(c))). Another obvious mapping 
rot : n* ^ n* is given by rot(n,7*(n, w^(c))) = {U,j*(U,u'+^{c))). 

Definition 3.3. Let C be a finite set of labels. We say that a map lab : 
C — ^ n* is a legal labeling map if the following holds 

(1) there exists an involution TZc : C C, such that Tl{lah{a)) = 
lahiUcia)), 

(2) there is a bijectioniotc : C C such that rot{lah{a)) = lab(rot£(a)). 

Example. Let Nil denote the collection of all formal sums of oriented skew 
pants from II over non- negative integers. We say that W G Nil is symmetric 
if = ni(ni +7^(^l)) + n2(n2 +7^(^2)) + ... + n„(n^ + 7^(^„)), where Ui 
are positive integers, and Ilj G 11. Every symmetric W induces a canonical 
legal labeling defined as follows. The corresponding set of labels is C = 
{0) k) : j = 1, 2, 2(ni + n2 + ... + Wm); k = 0,1, 2} (observe that the set 
jO has 6(ni + ... + Um) elements). Set \ah{j,k) = (XI^, 7*(n5,a;'^(c))), if j 
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is odd and if 2(ni + • • • + ng-i) < j < 2(ni + • • • + n^). Set lab(j, k) = 
(7^(^5),7*(7^(^5),a;-*^(c))), if j is even and 2(ni + • • • + n^-i) < j < 
2(ni + • • • + Us). The bijection is given by Tlc{j,k) = {j + 5{j),k), 
where d{j) = +1 if j is even and 6{j) = —1 if j is odd. The bijection rot£ 
is defined accordingly. 

Definition 3.4. Let a : C ^ C be an involution. We say that a is admissible 
with respect to a legal labeling lab if the following holds. Let a G £ and let 

lab(a) = (III, 7*), for some Hi G 11 where 7* = j{Ili,uj^{c)), for some 
i G {0,1,2}. Then lab((T(a)) = (112,— 7*), where 112 G 11 is some other 
skew pants. 

Observe that every legal labeling has an admissible involution a : C ^ C, 
given by a{a) = 7^£(a). 

Suppose that we are given a legal labeling lab : C — )• 11* and an admissible 
involution a : C ^ C. We construct a closed topological surface (not 
necessarily connected) with a pants decomposition C^, and a representation 
Piab,<T '■ 7r(S'°) — >■ ^ as follows. Each element of £ determines an oriented cuff 
in C^. Each element in the orbit space C/iotc gives a copy of the oriented 
topological pair of pants 11°. The pairs of pants are glued according to the 
instructions given by a, and this defines the representation piah,(T- One can 
check that after we glue the corresponding pairs of pants we construct a 
closed surface S^. Moreover is connected if and only if the action of the 
group of bijections (7^£, rot£, a) is minimal on C (that is C is the smallest 
invariant set under the action of this group). 

Let a e jC. Then (11,7*) = lab(a) and (Hi,— 7*) = lah{a{a)) for some 
skew pants n,ni G U. Also 7* = 7*(n,a;^(c)) and -7* = j*{Ui,co^ (c)). 
Set 

hl(a) = hl(w^(C)), 

where the half length hl(u;*(C)) is computed for the representation that 
corresponds to the skew pants 11. 

It follows from our definition of admissible representations that hl(a) = 
hl(c7(a)). Set 1(a) = l(w^(C)). Then 1(a) = I(cj(a)) and 

hl(a) = 

3.2. The unit normal bundle of a closed geodesic. Next, we discuss 
in more details the structure of the unit normal bundle N^ij) of a closed 
geodesic 7 C (for the readers convenience we will repeat several defini- 
tions given at the beginning of Section 2). The bundle N^[-j) has an induced 
differentiable structure and it is diffeomorphic to a torus. Elements of N^ij) 
are pairs (p, v), where p G 7 and i; is a unit vector at p that is orthogonal 
to 7. The disjoint union of all the bundles is denoted by A^"'^(r). 

Fix an orientation 7* on 7. Consider C as an additive group and for 
C G C, let : N^i'j) N^il) be the mapping given by A(;{p, v) = {pi,vi) 
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where pi and vi are defined as follows. Let 7* be a lift of 7* to and let 
{p,v) G -^"'^(7) be a lift of {p,v). We may assume that 7* is the geodesic 
between 0,oo G dM^. Let G PSL(2,C) be given by A(^[w) = e'^w, for 
w G dM^. Set (j)i,vi) = A(^{p,v). Then {pi,vi) is a lift of (^1,^1). 

If Al : N^i-y) iVH7) and : N^{j) N^{'y) are the actions that 
correspond to different orientations on 7 then on A^^(7) we have A^ = A"^^ = 
{A'^)^^, C £ C. Unless we specify otherwise, by A(^ we denote either of the 
two actions. 

The group C acts transitively on N^{'y). Let 1(7) be the complex transla- 
tion length of 7, such that — tt < Im(l(7)) < vr (by definition Re(l(7)) > 0). 

Then ^i(-y) = id on iV^(7). This implies that the map ^1(7) is an involution 

2 

which enables us to define the bundle N^{^/^) = A^^ (7)7^1(7) . The disjoint 

2 

union of all the bundles is denoted by N^{^/r). 

The additive group C acts on N^{^y^) as well. There is a unique complex 
structure on N^{^) so that the action A(^ is by biholomorphic maps. With 
this complex structure we have 

The corresponding Euclidean distance on N^{^/J) is denoted by dis. Then 
for ICI small we have dis{{p,v), {A(;{p,v))) = There is also the induced 
map A^ : N^{\/V) — t- N^{\/T), ^ G C, where the restriction of A(^ on each 
torus N^{^) is defined above. 

Let (n,7*) G n* and let 7^ be such that (n,7*) = rot'=(n,7*), k = 1,2. 

Let 5^ be an oriented geodesic (not necessarily closed) in such that 6^ is 

the common orthogonal of 7* and 7^ , and so that a lift of 5^ is a side in the 

corresponding skew right-angled hexagon that determines H (see Section 2). 

The orientation on 6^ is determined so that the point 6^. n 7^ comes after 

the point (5^ n 7*. Let Pk = Ci ^* , and let Vk be the unit vector Vk at pk 

that has the same direction as S^. Since the pants n is the conjugacy class 

of an admissible representation in sense of Definition |3.1[ we observe that 

Aij^ exchanges {pi,vi) and {p2,V2), so the class [{pk,Vk)] G N^{^) does 
2 

not depend on k G {1,2}. Define the map 

foot : n* ^ iV^(\/f), 

by 

foot^(n) = foot(n,7*) = [ipk,Vk)] G N\j), 

Observe that foot(n,7*) = foot(7^(^, 7*)). 

Let 5*^ be a topological surface with a pants decomposition C^, and let 
p : -7ri(5'^) — )• ^ be a representation, such that the restriction of p on the 
fundamental group of each pair of pants satisfies the assumptions of Defi- 



nition 3.1 (recall that Q is the Kleinian group such that = M^/g). Let 
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n°, i = 1,2 be two pairs of pants from the pants decomposition of that 
both have a given cuff C E C*^ in its boundary. By (Hi, 7*) and (112, ~7*) 
we denote the corresponding marked pants in 11*. Let s{C) denote the cor- 
responding reduced complex Fenchel-Nielsen coordinate for p. Let be 
the action on N^{^) that corresponds to the orientation 7*. Fix ^0 £ C to 
be such that 

4^(foot(ni,7*)) = foot(n2,-7*). 

Such (^0 is uniquely determined up to a translation from the lattice + 
2i7rZ. If A"^ is the other action then we have 

^2^(foot(n2,-7*)) = (ni,7*), 

since A^ o A"^ = id. That is, the choice of does not depend on the choice 
of the action A^. Then s{C) G C/(^Z + 2mZ) and 

1(7) 

(25) s{C) = {Co -in), (mod + 27riZ). 

The rest of the paper is devoted to proving the following theorem. 

Theorem 3.1. There exist constants q > and K > such that for every 
e > and for every R > large enough the following holds. There exist 
a finite set of labels C, a legal labeling lab : £ — )• 11 and an admissible 
involution a : C ^ C, such that for every a £ C we have 

|hl(a) - f I < 

and 

dis(^i+i^(foot(lab(a))),foot(lab(cT(a)))) < KRe-"^^, 
where dis is the Euclidean distance on N^{,^). 

Remark. The constant q depends on the manifold M'^. In fact it only de- 
pends on the first eigenvalue for the Laplacian on M^. 

Given this theorem we can prove Theorem |1.1| as follows. We saw that 
every legal labeling together with an admissible involution yields a repre- 
sentation p(lab, cr) : 7ri(S''^) — )• Q, where Q is the corresponding Kleinian 
group and is a closed topological surface (if is not connected we pass 
onto a connected component). By the above discussion the reduced complex 
Fen chel- Nielsen coordinates (hl(C),s(C)) satisfy the assumptions of Theo- 
(observe that KRe^^^ = o(-^), when R — )• 00). Then Theorem 



rem 



2.1 



1.1 



follows from Theorem 12.11 . 

3.3. Transport of measure. Let {X,d) be a metric space. By M{X) 
we denote the space of positive, finite Borel measures on X with compact 
support. For A G X and (5 > let 

Ms (A) = {x £ X : there exists a G A such that d{x, a) < 6}, 

be the (5-neighbourhood of A. 
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Definition 3.5. Let /i, G A4{X) be two measures such that fJ.{X) = I'iX), 
and let 6 > 0. Suppose that for every Borel set A C X we have fi{A) < 
I'^MsiA)). Then we say that fi and v are 6-equivalent measures. 

It appears that the definition is asymmetric in fj, and z^. But this is not 
the case. For any Borel set A G X the above definition yields < 
u{X)-i^{M5{X\MsiA))) < fi{X) - n{X \MsiA)) = n{Ms{A). This shows 
that the definition is in fact symmetric in /u and v. 

The following propositions follow from the definition of equivalent mea- 
sures. 

Proposition 3.1. Suppose that /U and v are 5-equivalent. Then for any 
K > the measures and Kv are b -equivalent. If in addition we assume 
that measures v and rj are 6i- equivalent, then n and t] are (5 + 5i) -equivalent. 

Proposition 3.2. Let (T, A) be a measure space and let fi : T ^ X , i = 1, 2, 

be two maps such that d{fi{t), f2{t)) < b, for almost every t £ T. Then the 
measures (/i)=kA and (/2)*A are 6-equivalent. 

In the remainder of this subsection we prove two theorems, each repre- 
senting a converse of the previous proposition in a special case. The follow- 



ing theorem is a converse of Proposition 3.2 in the special case of discrete 
measures. 

Theorem 3.2. Suppose that A and B are finite sets with the same number 
of elements, and equipped with the standard counting measures Ka and Kb 
respectively. Suppose that there are maps f : A ^ X and g : B ^ X such 
that the measures f^AA and g^As are 5-equivalent for some 6 > 0. Then 
one can find a bijection h : A ^ B such that d(g{h{a)), f{a)) < 5, for every 
ae A. 

Proof. We use the Hall's marriage theorem which states the following. Sup- 
pose that Rel C ^ x i? is a relation. For every Q C A we let 

Rel((5) = {5 G i? : there exists a G Q., such that (a, h) G Rel}. 

If |Rel(Q)| > IQI for every Q d A then there exists an injection h : A ^ B 
such that (a, h{a)) G Rel for every a G vl. This is Hall's marriage theorem. 
In the general case of this theorem the sets A and B need not have the 
same number of elements. However, in our case they do so the map /i is a 
bijection. 

Define Rel C ^ x i? by saying that (a, b) G Rel if d{f{a),g{b)) < 6. Then 

Rel(Q) = {b £ B : there exists a G Q, such that d{f (a), g{b)) < 6}, 

forevery Q C A. Therefore |Rel(Q)| = (5*Ab)(AA5(/(Q))) > (/*AA)(/(g)) = 
\Q\, since /*A^ and g^As are (5-equivalent. This means that the hypothesis 
of the Hall's marriage theorem is satisfied, and one can find the bijection 
h: A^ B such that d{g{h{a)), /(a)) < 6. 

□ 
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Let a, 6 G C be two complex numbers such that T{a, b) = C/(aZ + ibZ) 
is a torus. We let z = x + iy denote a point in C (sometimes we use {x, y) 
to denote a point in = C). 

Let be a positive function on T{a,b). As usual, by (l){x,y) dxdy we 
denote the corresponding two form on the torus T{a,b). By A,^ we denote 
the measure on T{a, b) given by 



^4^) = / 4>ix,y)dxdy, 
J A 



for any measurable set A. We abbreviate this equation dA^ = <pdxdy. By 
A we denote the standard Lebesgue measure on T{a,b), that is A = A^ for 
<f>=l. 

In the following lemma we show that any measure that is close to the 
Lebesgue measure is obtained by transporting the Lebesgue measure by a 
diffeomorphism that is C° close to the identity. 

Lemma 3.1. Let : — )• M be a function on C that is well defined on 
the quotient T(l, 1) = C/(Z + iZ), and such that 

(1) For some < 6 < ^ we have 

l-d<g{x,y)<l + 5 

for all {x, y) £ M^, 

(2) The following equality holds 

/ / g{x,y)dxdy = 1. 
Jo Jo 

Then we can find a diffeomorphism h : T{1, 1) — >■ T(l, 1) such that 

(1) g{x,y) = ,lac{h){x,y) , thatis g{x,y) dxdy = h* [dxdy), where h* [dx dy) 
is the pull-back of the two form dx dy by the diffeomorphism h and 
Jac(/i) is the Jacobian of h, 

(2) The inequality 

\h{z) -z\< 4(5, 
holds for every z = x + iy E C 

Proof. We define the map /i : ^ by h{x,y) = {hi{x,y),h2{x,y)), 
where 



and 



hi{x,y) = J (^J g{s,t)dt^ ds, 



1, ( ^ Jog{x,t)dt 



/o g{x,t)dt 

Since g{x + 1, y) = g(x, y + 1) = g{x, y), we find that h{x + 1, y) — h{x, y) = 
(1, 0) and h(x, y + 1) — h{x, y) = (0, 1), so h descends to a map from T(l, 1) 
to itself. 
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Furthermore, we find that 

dhi , , , dhi 

— = J^ g{x,t)dt; — =0, 

and 

dh2 ^ gix,y) 
dy ~ J^g{x,t)dt 
which is sufficient to conclude that 

Jac(/i)(x,y) = g{x,y). 

Therefore, the map h : T(l, 1) T{1, 1) is a local diff'eomorphism, and thus 
a covering map of degree n where 

n = Jac(x, y) dx dy. 

Jt{i,i) 

Since Jac(/i)(x, y) = g{x,y), and 

/ gix,y)dxdy = 1, 
Jt{i,i) 

it follows that n = 1, that is /i is a diffeomorphism. 
On the other hand, for x, y G [0, 1], 

\hi{x, y) — x\ < Sx < 6, 

and 



since S < h, and 



h2{x,y) -y< ^^Y^ -y<^Sy< 3d, 



y - h2{x,y) <y- P < 25y < 26. 

1 + 



Therefore, \h2{x,y) — y\ < 36. Combining the estimates for \hi{x,y) — x\ 
and \h2{x,y) — y\ we find that 

\h{z) - z\ < \hi{x,y) - x\ + \h2{x,y) - y\ < 45. 

The completes the proof. 

□ 

The following theorem is a corollary of the of the previous lemma. 

Theorem 3.3. Let jj, G Ai{T{a,b)) be a measure whose Radon-Nikodym 
derivative j^iz) is a function on the torus T{a,b), such that for some 
K > and l > S > we have iJ,{T{a, b)) = KX{T{a, b)) and 



3 

K< 



< K(l + 6), everywhere on T{a, b), 



dX 

Then fi is 4(5(|a| + \b\) -equivalent to the measure KX. 
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Proof. By /x we also denote the lift of the corresponding measure to the 
universal cover C. Then dfi = gi{x,y)dx dy, where gi{x,y) = ^{x,y) is 
the Radon-Nikodym derivative. The function gi is on C, and gi is well 
defined on the quotient C/ (aZ + 6zZ) = T(a, h). 

Let L : T(l, 1) — )• r(a, b) be the standard affine map. Let 

g{x,y) = ^{gi o L){x,y). 

Then g(x, y) satisfies the assumptions of the pre vious lemma. Let h be the 



corresponding diffeomorphism from Lemma 3.1 and let /ii = L o /i o L~ . 
Then {hi)* ^ = KX on r(a, h). Since the affine map L is (|a| + |6|) bi-Lipschitz 
we conclude that 

\hi{z) -z\< U{\a\ + 
for every z S C, so ;U is 4(5(|a| + |6|)-equivalent to KX. 

□ 

3.4. Measures on skew pants and the d operator. We have 

Definition 3.6. By A4^(n) we denote the space of positive Borel measures 
with finite support on the set of oriented skew pants 11 such that the invo- 
lution 7^ : n — )• n preserves each measure in A^^(n). By M.Q{N^{y/T)) 
we denote the space of positive Borel measures with compact support on 
the manifold N'^{^/T) (a measure from A^o(-^"'^(V^)) has a compact sup- 
port if and only if its support is contained in at most finitely many tori 
N\^)(ZN\^)). 

We define the operator 

as follows. The set 11 is a countable set, so every measure from /i G A^Q^(n) 
is determined by its value ju(n) on every H S 11. Let n S 11 and let 
7* G r*, i = 0,1,2, denote the corresponding oriented geodesies so that 
(n,7*) G n*. Let af G Mo{N^{^/f)) be the atomic measure supported at 
the point foot(n, 7*) G N'^{yJ^), where the mass of the atom is equal to 1. 
Let 

2 

i=0 

and define 

nen 

We call this the d operator on measures. The total measure of is three 
times the total measure of //. 

Let a G Mo{N^{V^)). Choose 7* G T* , and recall the action : 
N^{Vf) N^iVr), C e C. Let (^^)*a denote the push-forward of the 
measure a. We say that a is J-symmetric if the measures a and {A(;)^a are 
5-equivalent for every C G C. 
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Theorem 3.4. There exists q > and Di,D2 > 0, so that for every 1 > 
e > and every R > large enough, there exists a measure ji G Mq^YI) 
with the following properties. If ^(H) > for some 11 G 11, then the half 
lengths hl(a;*((7)) that correspond to the skew pants 11 satisfy the inequality 

R 
2" 



h\{u\C)) 



< e. 



There exists a measure j3 G A^o(^"'^(V^)), such that the measure dfi and (3 
are Die~^ -equivalent, and such that for each torus N^{y/j), there exists a 



constant > so that 



df3 



d\ 



< K^{1 + '^^), almost everywhere onN^{^/j), 



where A is the standard Lebesgue measure on the torus N^{^/^) = C/(^^Z+ 
2iTTZ) . 

Remark. This theorem holds in two dimensions as well. That is, in the 
statement of the above theorem we can replace a closed hyperbolic three 
manifold with any hyperbolic closed surface. 

We prove this theorem in the next section. But first we prove Theorem 



3.1 assuming Theorem 3.4 We have 



Proposition 3.3. There exist q > 0, L> > so that for every 1 > e > 
and every R > large enough, there exists a measure fi G A^o^(n) with the 
following properties 

(1) /i(n) is a rational number for every 11 G 11, 

(2) if /i(n) > for some 11 G 11, then the half lengths hl(a;*(C)) that 
correspond to the skew pants H satisfy the inequality |hl(a;*(C)) — 
— I < f 

(3) the measures dfi and {Ai-\^i-n-)*dfi are DRe'*^^ -equivalent. 



Proof. Assume the notation and the conclusions of Theorem 3.4 First we 
show that the measures dfi and {Ai+iTr)*diJ. are DRe~'^^-equivalent. Let 
7 G r be a closed geodesic such that /3{N^{^)) > 0, that is the support of 
f3 has a non-empty intersection with the torus 

N\^)^C/{^-^Z + 27TiZ). 

The Lebesgue measure A on N^{^) is invariant under the action A(^. This, 
together with Theorem 3.3, implies that for any ( £ C the measure 



is (27r + |-^-^|)D2e ''^-equivalent with the measure K'X, for some K' > 0, 



where D2 is from the previous theorem. Since 



I 1(7*) I 



< y + 1, we have that 



21—2 

the measures {A(^)^/3 and K'X are Cii?e~'i-^-equivalent, for some Ci > 0. 

On the other hand, the measures {A(;)^f3 and {A(;)^dfj, are Die" -equivalent. 
From Proposition 3.1 we conclude that the measures {A(^)^dfj, and K'X are 
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D2{Re ^^^+6 8 )-equivalent, for every C £ C, and for some constant D2 > 0. 
Again, since A is invariant under and from Proposition 3.1 we conclude 
that is L'i?e^*'^-symmetric, for some constant D > and assuming that 
q < I (this assumption can be made without loss of generality) . In particu- 
lar, we have that the measures dfi and {Ai+in)*dfi are L'i?e~''^-equivalent. 

Both measures dfi and {Ai+iTr)*d^i are atomic (with finitely many atoms), 
so it follows from the definition that the measures dfi and (^i+i7r)*9/i are 
L'i?e~*'^-equivalent if and only if a finite system of linear inequalities with 
integer coefficients has a real valued solution. Then the standard rationali- 
sation procedure (see Proposition 4.2 in [IT] and [3]) implies that this system 
of equations has a rational solution, so we may assume that that the measure 
fi from Theorem 3.4 has rational weights. This proves the proposition. □ 



3.5. Proof of Theorem 13.11 First we make several observations about an 
arbitrary measure u G A^g^(n). The measure v is supported on finitely 
many skew pants 11 G H. Moreover, J^(n) = viTZiJl)), for every 11 G 11. 
Let 11"'" and n~ be disjoint subsets of H, such that 11"*" U n~ = H, and 
7^(n+) = n~ (there are many such decompositions of H). Let and 
i/" denote the restrictions of v on the sets 11"'" and 11" respectively. Then 
dv^ = du~ and dv = 2dv~ (this follows from the fact that foot(n, 7*) = 
foot(7^(n), — 7*)). Therefore if the measure dv is (5-symmetric then so are 
the measures dv^ and dv~ . 



Let /i be the measure from Proposition 3.3 Then has rational weights. 
We multiply /i by a large enough integer and obtain the measure //', such 
that the weights /^'(H) are even numbers, 11 G 11. Then and {Ai+iTi)*d^' 
are Di?e~*'^-equivalent. For simplicity we set /i = /i'. 

Since ^ is invariant under reflection and the weights are even integers, we 
see that ^ G Nil is a 7^-symmetric formal sum. Let lab : C — )• 11* denote 
the corresponding legal labeling (see the example at the beginning of this 
section). It remains to deflne an admissible involution o" : £ — )• £. 

Fix 7* G r*. Let X+ d C such that a G X"'" if lab(a) = (n,7*), where 
n G n+. Define similarly, and let : X'^/~ 11* denote the 

corresponding restriction of the labeling map lab on the set X'^/~ (observe 
that Z"*" = 7^o /- o7^£). 

Denote by the restriction of dfx^ on N^{^/^) (define a~ similarly). 
Observe that = a~ . Then by the definition of C, the measure a"'"/" is 
the d of the push-forward of the counting measure on X+/- by the map 

Define g : X~ — )• A^^(^/7) by gf = Ai+m ° f~ ■ Then the measure 
{Ai+i-K)*a~ is the push-forward of the counting measure on X~ by the map 
g. Since a"'" and (^i+i7r)*a~ are 2Z)i?e~''^-equivalent, by Theorem 3.2 there 
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is a bijection h : X+ ^ , such that dis{g{h{b)), f+{b)) < 2DRe''^^, for 
any b E (recah that dis denotes the Euchdean distance on N^{^/^)). 

We define a : X+ U X' ^ X+ U X' hy a{x) = h{x) for x G X+, 
a{x) = h-^{x) for x £ X' . The map a : (X+ U X') {X+ U X') is an 
involution. By varying 7* we construct the involution a : C ^ C It follows 
from the definitions that a is admissible and that the pair (lab, a) satisfies 



the assumptions of Theorem 3.1 



4. Measures on skew pants and the frame flow 

We start by outlining the construction of the measures from Theorem 
3.4 Fix a sufficiently small number e > and let r >> denote any large 
enough real number. Set R = 2{r — log |). We let 11^,/?, be the set of skew 
pants n in for which |hl((5) — ^| < e for all 5 G 911. In this section we 
will construct a measure ^ on XI/j^ /j (for some universal constant D > Q) 
and a measure (5^ on each N^{'\/~6) such that for r large enough we have 



< e 



-qr 



and the measures and 13s are Ce ■* equivalent, where Eucl^ is the 

Euclidean measure on N^{y/5), the unique probability measure invariant 
under C/(27riZ + 1{5)'L) action. 

Let denote the set of (unit) 2-frames Fp = {p, u, n) where p G 

and the unit tangent vectors u and n are orthogonal at p. By gj, f G M, we 
denote the frame flow that acts on T(M^) and by A the invariant Liouville 
measure on J^(]HI'^). We then define a bounded non-negative affinity function 
a = a^^r '■ -7^(IHI'^) X T(M!^) — )• M with the following properties (for r large 
enough) : 

(1) a(Fp, Fg) = a(Fg, Fp), for every Fp, Fg, G FiW^). 

(2) SL{A{Fp),A{Fg)) = 3i{Fp,Fg), for every A G PSL(2,C). 

(3) If a(Fp, Fg) > 0, and Fp = {p, u, n) and Fg = (q, v, m) then 

\d{p,q) -r\ <e, 
9(n @q,m) < e, 
<d{u,v{p,q)) < Ce~i, @{v,v{q,p)) < Ce~i. 

where Q{x, y) denotes the unoriented angle between vectors x and y, 
and v{p, q) denotes the unit vector at p that is tangent to the geodesic 
segment from p and q. Here n@q denotes the parallel transport of n 
along the geodesic segment from p (where n is based) to q. 

(4) For every co-compact group G < PSL(2, C) we have 



< e 
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The last property will follow from the exponential mixing of the frame 
flow on J-(M3)/G. 

Now let Fp = (p, u, n) and Fq = [q^ v, m) be two 2-frames in J^(M^) = 
T{m^)/g, where is a closed hyperbolic 3-manifold and Q is the corre- 
sponding Kleinian group. Let 7 be a geodesic segment in between p and 
q. We let Fp be an arbitrary lift of Fp to T{M^), and let Fq be the lift of Fq 
along 7. We let a^{Fp,Fq) = a{Fp,Fq). By the properties (1) and (2) this 
is well defined. Moreover for any Fp,Fq G J^(M^) 



(26) 



< e 



-qr 



by property (4). 

We define w : J^{M^) J^{M^) by u{p,u,n) = {p,ui{u),n) where uj{u) 
is equal to u rotated around 77, for using the right-hand rule. Observe 
that oj^ is the identity and we let u!~^ = oJ. To any frame F we associate 
the tripod T = {F,uo{F),uj'^{F)) and likewise to any frame F we associate 
the "anti-tripod" T = {F,uj(F),uj'^(F)). We have the similar definitions for 
frames in J^(M^). 

Let ^-graph be the 1-complex comprising three one cells (called ho,hi,h2) 
each connecting two 0-cells (called p and q). A connected pair of tripods 
is a pair of frames Fp = {p,u,n), Fq = {q,v,m) from J-'(M^), and three 
geodesic segments 7^, i = 0, 1, 2, that connect p and q in M^. We abbreviate 
7 = (70, 71, 72) and we let 



h^{Tp,Tq) = l[a,^{u;\Fp),u\Fq)). 



i=0 

We say {Tp,Tq,'y) is a well connected pair of tripods along the triple of 
segments 7 if hj{Tp,Tq) > 0. 

For any connected pair of tripods {Tp,Tq,j) there is a continuous map 
from the 0-graph to that is obvious up to homotopy (map p to p and q 
to q, and hi to 7^). If {Tp, Tq, 7) is a well connected pair of tripods then this 
map will be injective on the fundamental group 711(6 — graph). Moreover, 
the resulting pair of skew pants 11 has the half-lengths De close to ^ where 
R = 2(r — log|) (then the cuff lengths of the skew pants 11 are close to 
R) and L> is a universal constant. Recall that the collection of skew pants 
whose half-lengths are De close to ^ (for some large R and fixed e) is called 

^De,R- 

We write H = TT(Tp,Tq,j), so vr maps well connected pairs of tripods to 
pairs of skew pants in IlDe,R- We define the measure Ji on well connected 
tripods by 

dfliTp, Tq, 7) = h^{Tp, Tq) d\T{Tp, Tq, 7), 
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where XT{Tp,Tq,^) is the product of the Liouville measure A (for J^(M^)) 
on the first two terms, and the counting measure on the third term. The 
measure At is infinite but £by{Tp,Tq) has compact support, so Jl is finite. 
We define the measure /j, on Hd^^r by /i = vr*//. This is the measure from 
Theorem 13.41 

It remains to construct the measure f3s and show the Ce~ 3 -equivalence 
of I3s and (^/"Ijvi(v^)- frame F we associate the bipod B = (F, a;(F)) 

and hkewise to any frame F we associate the "anti-bipod" B = {F,uJ(F)). 
We have the similar definitions for frames in J^(M^). 

We say that (i?p, Sg, 70, 71) is a well connected pair of bipods along the 
pair of segments 70 and 71 if 

a^„(Fp,F,)a^,(^(Fp),aJ(F,)) >0. 

Then the closed curve 70 U 71 is homotopic to a closed geodesic in M'^. 
Given a closed geodesic 6 £ T we let Ss be the set of well connected bipods 
{Bp, Sg, 7o, 71) such that 70 U71 is homotopic to 6. (Note that Sg is an open 
subset of the space of connected bipods which is the space of quadruples 
(i?p, -Bg, 7o, 71), where Bp and Bg are tripods and 70 and 71 are geodesic 
segments in connecting the points p and q). The set Ss of connected 
bipods carries the natural measure which is the product of the Liouville 
measures on the first two terms and the counting measure on the third and 
fourth. 

Remark. One can show that if e is small in terms of the injectivity radius 
of then for two bipods Bp and Bq in J^(M'^) there exists at most one 
pair of segments (70,71) such that (Bp, Sg, 70, 71) is a well connected pair 
of bipods and that 70 U 71 is homotopic to 6. However, we do not use this. 

Next, we define the action of the torus C/(27riZ + /(5)Z) on Ss that leaves 
the measure A^ invariant. 

Let Ts be the open solid torus cover associated to 5 (so 6 lifts to a closed 
geodesic 6 in T^). Given a pair of well connected bipods in Ss, each bipod 
lifts in a unique way to a bipod in -^(T^) such that the pair of the lifted 
bipods is well connected in T^. We denote by Ss the set of such lifts, so Ss 
is in one-to-one correspondence with Ss- There is a natural action of the 
torus C/(27riZ + l{6)Zl on both N^{5) (= N^i5)) and on ^■(T^), and hence 
on Ss as well. Since Ss and Ss are in one-to-one correspondence we have 
the induced action of C/(27riZ -|- l[5)'L) on Ss- This action leaves invariant 
the measure A^ on Ss- 

For either choice of hl(5) there is a natural action of C/(27riZ + l[5)'L) on 
N'^{^/5) via C/(27riZ + hl((^)Z). We define in Section 4.7 a map is ■ Ss ^ 
N^{y/S) with two important properties. The first one is that is equivariant 
with respect to the action of C/(27riZ -|- 1{6)Z). The second property is as 
follows. 



40 



KAHN AND MARKOVIC 



Let be the set of well connected tripods {Tp,Tq,^) for which 70 U 
71 is homotopic to 6, and let x ■ Cs ^ Ss he the forgetting map, so 
x(Tp,rg,7o,7i,72) = (Sp,5g,7o,7i). Then for any pair of well connected 
tripods T = {Tp,Tg,j) £ Cs 

(27) MxiT)) - foot5(7r(r))| < Ce-^, 

where vr(T) is the skew pants defined above (recall that the map foot5(n) 
that associates the foot to a pair of marked skew pants (11,5), 5 E 911, was 
defined in Section 3). In other words, the map predicts feet of the skew 
pants 7r(r) (just by knowing the pair of well connected bipods x{T)) up to 
an error of Ce~s. This Ce~4 comes from the property (3) of the affinity 
function a defined above. 

There are two more natural measures on Ss- The first is X*{'fi\cs)- The 
second is us defined on Ss by 

where we recall that XsiFp, Fg, 70, 71) is the product of the Liouville measure 
on the first two terms and the counting measure on the last two. The two 
measures satisfy the fundamental inequality 

dx*{Jj-\cs) 1 



< Ce 



— qr 



^^^^ dus{Bp,Bg,jo,ji) A(J-(M3)) 

because the total affinity between uj'^{Fp) and uj'^{Fg) (summing over all 
positive connections 72) is exponentially close to ^(j-^m^^) by the inequality 
(26) above. 

Moreover, since and the product Si^g{Fp, Fg)sLy^{uj{Fp),uj{Fq)) are both 
invariant under the action of C/(27riZ+i((5)Z), we see that I's is also invariant 
under the action of C/(27riZ + Z(5)Z). Therefore (f^)*^^ is as well, because 

is C/(27riZ + 1{6)Z) equivariant. It follows that {fs)*{^5) = -^^Eucl^, for 
some constant Kg. Therefore, by ( [47[ ) 



1 



< Ce 



— qr 



^^^^ dK'gEuds 

where K'^ = Ks/A{T{M^)). 

This measure (f<5)*(/J|c«) is our desired measure f3s; it is Ce~ 4 -equivalent 
to the measure because the later measure is just (foot5)*7r*(pt|c^), 

and as we already said 

|f5(x(r))-foot5(^(r))| <Ce-i, 

for every tripod T in C^. 

We define a(Fp, Fq) in Section 4.4, and we prove that the skew pants 
7r(Tp, Tq, 7) e n£)e,_R (for some universal constant D > 0) when b^(rp, Tq) > 
in Sections 4.5 and 4.6, using preliminaries developed in Section 4.1 and 
4.2. We define and prove (27) in Section 4.7, using preliminaries developed 
in Section 4.3. Finally we prove equation (29) in Section 4.8. 
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4.1. The Chain Lemma. Let T^{M^) denote the unit tangent bundle. El- 
ements of T^(W^) are pairs {p,u), where p S and u E Tp{M^). For 
u,v £ Tp(]H^) we let @{u,v) denote the unoriented angle between u and 
V. The function takes values in the interval [0,7r]. For a,b £ we 
let v{a,b) £ T^{M^) denote the unit vector at a that points toward b. If 
V £ T^{M^) then V @ b £ T^^(IHI'^) denotes the vector parallel transported to 
b along the geodesic segment connecting a and b. By (a, b, c) we denote the 
hyperbolic triangle with vertices a,b,c £ H^. For two points a,b £ 'M? , we 
let \ab\ = d{a, b). 

Proposition 4.1. Let a,b,c £ and v £ T^{M"^). Then the inequalities 

@{v @b@c@a,v) < Area{abc) < |6c|, 

hold, where Area{abc) denotes the hyperbolic area of the triangle (a, b, c) . 

Proof. It follows from the Gauss-Bonnet theorem that the inequality 0(f @ 
b@ c@ a,v) < Area(a6c) holds for every v £ T^{M^). Moreover, ii v is in the 
plane of the triangle (a, b, c), then the equality @{v@b@c@a, v) = Area(a6c) 
holds. 

We now prove that in every hyperbolic triangle the length of a side is 
greater than the area of the triangle, that is we prove \bc\ > Area(a6c). 
Consider the geodesic ray that starts at b and that contains a, and let 
a' £ dM."^ be the point where this ray hits the ideal boundary. Then the 
triangle {a,b,c) is contained in the triangle {a',b,c), so it suffices to show 
that Area(a',6, c) < \bc\. Thus we may assume that the vertex a is a point 
on dU^. 

Considering the standard model of the upper half plane = {z £ C : 
Im(z) > 0}, we can assume that a = oo and that the geodesic segment 
(be) lies on the unit circle {z £ C : \z\ = 1}. By the first part of the 
proposition we know that Area(a6c) is equal to a, where a is the unoriented 
angle between the Euclidean lines Ih and Ic, where Ih contains and b and 
Ic contains and c (0 G C denotes the origin). Since b and c lie on the unit 
circle we have that a is also equal to the Euclidean length of the arc of the 
unit circle between b and c. On the other hand, the hyperbolic length of this 
arc (which is the geodesic segment (be) between b and c in the hyperbolic 
metric) is strictly larger than a because the density of the hyperbolic metric 
is y~^\dz\, which is greater than 1 on the unit circle. We have 

Area(a6c) < a < \bc\, 

which proves the proposition. 

□ 



The following claim will be used in the proof of Theorem 4.1 below. 
Claim 4.1. Let a,b,c£ M^. Then the inequality 

@{v{c,a),v{b,a)@c) < @{v{a,b),v{a,c))+Area{abc) < @{v{a,b),v{a,c))+\bc\ 
holds. 
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Proof. We have 



©(■u(c, a), a) @ c) = @{v{c, a) @ a, ^(6, a) @ c @ a) 
= ©(-^(a, c), i;(6, a) @ c @ a) 

< &{-v{a, c), -w(a, 6)) + &{-v{a, b),v{b, a)@c@a) 
= e{v{a, c),v{a, b)) + &{-v{a, b) @ b, v{b, a)@c@a@b) 
= @{v{a, c),v{a, b)) + 0(^(6, a), v{b, a)@c@a@b). 

By the previous proposition we have &{v{b, a), v(b, a)@c@a@b) < Area(a6c) < 
\bc\, and we are finished. 

□ 

The following two propositions are elementary and follow from the cosh 
rule for hyperbolic triangles. 

Proposition 4.2. Let (a, b, c) be a hyperbolic triangle such that \ab\ = 
li and \bc\ = r]. Then for li large and t] small enough, the inequality 
&{v{a, b) , v{a, c)) < Dr]e~^^ holds, for some constant D > 0. 

Proposition 4.3. Let {a,b,c) be a hyperbolic triangle and set \ab\ = li, 
\cb\ = I2 and \ac\ = I. Let rj = n — @(v{b, a) , v{b, c)) . Then for li and I2 
large we have 

(1) |(^ - (^1 + I2)) + log2 - log(l + cosr?)| < De-2mW'i,'2}^ y^r any 

(2) \l - {h + /2)| < Dt], for T] small, 

(3) @{v{a,c),v{a,b)) < Dr)e~''^, forrf small, 

(4) @{v{c,a),v{c,b)) < Dr]e~^^ , forr) small, 
for some constant D > 0. 

The following Theorem (the "Chain Lemma") allows us to estimate the 
geometry of a segment that is formed from a chain of long segments that 
nearly meet at their endpoints. It will be used in Section 4.2 to estimate 
the complex length of a closed geodesic formed from a closed chain of such 
segments. 

Theorem 4.1. Suppose Oj, bi G H^, « = 1, k, and 

(1) \aibi\ > Q, 

(2) Ikai+il < e, 

(3) &{v{bi,ai) @ai+i,-v{ai+i,bi+i)) < e. 

Suppose also that ni G T^.{M?) is a vector at ai normal to v{ai,bi) and 

@{ni@bi,ni+i@bi) < e. 
Then for e small and Q large, and some constant D > 

k 

(30) llai^fcl - ^ \aibi\ < kDe, 

i=l 
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(31) 



@{v{ai,bii.),v{ai,bi)) < kDee , and 0(f (6^, oi), f (6^, Ofc)) < kDee , 



(32) 



@{v{ai,ak),v{ai,bi)) < 2kDee ^, if k > I, 



(33) 



0(nfc, ni @ Qk) < S/ce. 



We can think of the sequence of geodesic segments from Oj to hi as 
forming an "e-chain", and we can think of the broken segment connecting 
ai, 6i, 02, 621 • • • 1 Ofc) &A: as the concatenation of the e-chain, and the geodesic 
segment from ai to hk (or a^) as the geodesic representative of the concate- 
nation. Then the Chain Lemma is describing the relationship between the 
concatenation of an e-chain and its geodesic representative, and also esti- 
mating the discrepancy between parallel transport along the concatenation, 
and transport along its geodesic representative. 

Proof. By induction. Suppose that the statement is true for some k > 1. 
We need to prove the above inequalities for k + 1. 



We first prove the inequalities (31) and (32). By the triangle inequality 
we have 

0(i;(ai,5fe),i;(ai,5fc+i)) < &{v{ai,hk),v{ai,ak+i))+@{v{ai,ak+i),v{ai,hk+i)). 

we have 0(u(ai, 6^), v{ai,ak+i)) < Diee~^, where Di 



By Proposition 



4.2 



is the constant from Proposition |4.2[ By (34) and Proposition 4.3 we have 
@{v{ai,ak+i),v{ai,bk+i)) < 2D2ee~^, where D2 is from Proposition 4.3 
Together this shows 

@{v{ai,bk),v{ai,bk+i)) < Dee~^ . 
Then by the triangle inequality and the induction hypothesis we have 
0('y(ai,6fc+i),u(ai,6i)) < @{v{ai,bk),v{ai,bi)) + @{v{ai,bk),v{ai,bk+i)) 

< kDee"^ + Dee'^ = {k + l)L>ee"'5, 



which proves the first inequality in (31 ). The second one follows by symme- 



try. The inequality (32) follows from (31) and Proposition 4.2 



Next, we prove the inequality (|30j). By the triangle inequality we have 
@{v{ai,ak+i),v{ai,bk)) < @{v{ai,ak+i),v{ai,bi)) + Q{v{ai,bi),v{ai,bk)), 



and then applying (31) and (32) we get 



@{v{ai,ak+i),v{ai,bk)) < 2{k + l)Dee~^ + kDee~^ < e 
for Q large enough. Then by Claim [4?T] we have 

@{v{ak+i,ai),v{bk,ai) @ Uk+i) < @{v{ai,ak+i),v{ai,bk)) + \bkak+i\ < 2e. 
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Combining this inequality with the assumption (3) of the theorem, and 
by the triangle inequality we obtain @{v{ak+i,ai),—v{ak+i,bk+i)) < 3e. 
Therefore the inequality 



(34) vr - &{v{ak+i,ai),v{ak+i,bk+i)) < 3e 

holds (observe that the same inequality holds for all 1 < i < fc). 
It follows from Proposition 



4.3 



|oi&A;+i|| < 3£)ie, where Di is the constant from Proposition 
the triangle inequality 



and (|34|) that ||aiaA:+i| + \ak+ibk+i\ - 

Since by 



4.3 



we obtain 



|ai6fc| - |aiafc+i|| < e, 



loi^fcl + |afc+i6fc+i| - |ai6fc+i|| < De. 



This proves the induction step for the inequality ( 30 ) . 

It remains to prove (33). Using the induction hypothesis and the as- 
sumptions in the statement of this theorem, we obtain the following string 
of inequalities 



0(nfc+i,ni @ak+i) = ©(n^+i @bk,ni @ a^+i @bk) 

< 0(nfc+i @ bk,nk @ bk) + 0(nfc @ 6^, ni @ a^+i @ 6fc) 

< e + 0(nfc @ bk, ni @ a^+i @ bk) 

< e + 0(nfc @ bk, ni @ @ bk) + ®{ni @ au @ bk, ni @ a^+i @ bk) 

< {5k + l)e + 0(ni @ @ bk, rii @ a^+i @ bk) 

< {5k + l)e + 0(ni @ @ bk, rii @ bk) + 0(ni @ bk,ni @ ak+i @ bk). 



By (34) we have 

@{ni@ak@bk,ni@bk) < 3e, 
and by Claim 4.1 we have 

@{ni@bk,ni@ak+i@bk) < e. 
Combining these estimates gives 

@{nk+i,ni @ afc+i) < {5k + 5)e, 



which proves the induction step for (33). 



□ 



4.2. Corollaries of the Chain Lemma. For X G PSL(2,C) we write 
X{z) 



az+b 
cz+d ' 



where ad — be = 1 . 



The following proposition will provide the bridge between the Chain 
Lemma and Lemma |4.1[ 
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Proposition 4.4. Let p,q gM^ and A G PSL(2, C) be such that A{p) = q. 
Suppose that for every u G Tp(W^) we have Q{A{u),u @ q) < e. Then for 
e small enough and d{p, q) large enough, and for some constant D > we 
have 

(1) the transformation A is loxodromic, 

(2) \\{A)-d{p,q)\<De, 

(3) if axis{A) denotes the axis of A then d{p, axis{A)), d{q, axis{A)) < 
De. 

Proof. We may assume that the points p and q he on the geodesic that 
connects and oo, such that q is the point with coordinates (0, 0, 1) in M^, 
and p is (0,0, x) for some < x < 1. Let B G PSL(2,C) be given by 
B{z) = Kz, where \ogK = d{p,q). Since X is a positive number it foUows 
that for every u G (H^) the identity B{u) = u@ q. 

Let A = C o B, where C G PSL(2,C) fixes the point (0,0, 1) G M^. It 
foUows that for every u G T^q q ^^(H'^) we have @{u, C{u)) < e. This imphes 
that for some a, b,c,d£ C, ad — be = 1, we have 

CM = 5^. 

cz + d 

and |a — 1|, |c|, |(i — 1| < Die, for some constant Di > 0. Then 

a^z + -^ 
A{z) = ^ 

and we find 

tr(^) = oVk + 

^/K 

where tr(A) denotes the trace of A. Since |a — 1|, |(i — 1| < Die we see that 
for K large enough the real part of the trace tr(^) is a positive number > 2, 
which shows that A is loxodromic. On the other hand, ti{A) = 2cosh(^^). 
This shows that \1{A) — logK\ < D2e, for some constant D2 > 0. 



^^^^ ^ 



Let zi, Z2 G C denote the fixed points of A. We find 



A\2 I 4fec 
k) ^ K 



2c 



Then for K large enough we have 

1,3 
\zi\ < e, 1-^21 > -• 
e 

This shows that d{q,ax.is{A)) = (i((0, 0, 1), axis(A)) < D^e, for some con- 
stant 1)3 > 0. The inequality d{p,axis{A)) < D^e follows by symmetry. 

□ 



The following lemma is a corollary of Theorem 4.1 and the previous propo- 
sition. It provides an estimate for the complex length of the closed geodesic 
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that is freely homotopic to the concatenation of a closed chain of geodesic 
segments. 

Lemma 4.1. Let ai, bi G H'^, i G Z such that 

(1) \aihi\ > Q, 

(2) \biai+i\ < e, 

(3) 0(f (6j, at) @ aj+i, -i;(oi+i, < e. 

Suppose also that n-i G T^. (H^) is a vector at ai normal to v{ai,bi) and 

&{ni@bi,ni+i@bi) < e. 

Suppose there exists A £ PSL(2,C) and k > be such that A(ai) = Oj+fc, 
A{bi) = bi^k, o,nd A{ni) = Ui^k, i G Z. Then for e small and Q large A is 
a loxodromic transformation and 



(35) 



k 

\{A)-^\aibi\ 

i=0 



< kDe, 



for some constant D > 0. Moreover ai,bi G MDke{o-xis{A)) , where MDkt{cixis{A)) 
is the Dke neighbourhood of axis{A). 

We can think of taking ai,bi G H^/A (or even in some hyperbolic 3- 
manifold N), and i G TLjkTL. We must then describe the geodesic segments 
from Oj to bi which we will use to determine v{bi,ai) and Ui @ bi, and so 
forth. (As long as the injectivity radius of N is greater than e, there are 
unique choices of geodesic segments from bi to Oj+i with length less than 
e.) We then think of this sequence of segments as a "closed e-chain" and 
axis{A)/A as its geodesic representative. 

Proof. Let vq = v{ao,bo). Observe that A{vo) = v{a].,bk). First we show 
that the inequality @{A{vo),vq @ a^) < 4e holds for Q large enough. 

Recall that for Q large enough the inequality ( 34 ) holds (see the proof of 
Theorem 4.1), that is we have 

TT - ®{v{ak,aQ),v{ak,bk)) < 3e. 

Since @{v{ak,ao),-v{ak,bk)) = &{v{ao,ak),v{ak,bk) @ao), we have 

@{v{ao,ak),v{ak,bk) @ ao) < 3e. 



On the other hand, it follows from (32) that for Q large enough we have 
@{v{aQ,ak),v{ao,bQ)) < e, 
so by the triangle inequality we obtain 



@{v{ao, bo),v{ak, bk) @ ao) < 0(w(ao, a^), t>(ao, 6o)) + ®{v{ao, ak),v(ak, bk) @ ao 

< 4e. 

Since f (a^, bk) @ oq @ = v{ak, bk) we find 0(v(ao, 6o), w(«fc, h) @ ao) = 
&{vq @ Ok, A{vo)) so we have proved the inequality @{vo @ a^, A{vq)) < 4e. 
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Next, from (33) we find 0(nfc,no @ a^) < 4A;e. Since vo is normal to no, 
and tlie parallel transport preserves angles, it follows that 

(36) &{u @ ak, A{u)) < 4kDe, for every vector u G T^^{M^). 

On the other hand, the inequality 

k 

d{ao,A{ao)) - ^ laA 



(37) 



i=0 



< kDe, 



follows from (30). The lemma now follows from Proposition 4.4 



□ 



4.3. Preliminary propositions. In this subsection we will prove two re- 



sults in hyperbolic geometry (Lemmas 4.2 and 4.3 ). that we will use in 



Section 4.7 The following proposition is elementary 



Proposition 4.5. Let a be an geodesic in and let pi,p2 G EI^ be two 
points such that d{pi,p2) < C and d{pi, a) > s, i = 1, 2, for some constants 
C,s > 0. Let r]i be the oriented geodesic that contains pi and is normal to 
a, and that is oriented from a to pi. Then there exists a constant D > 0, 
that depends only on C, such that Ida (771, 7^2)] < De~^. 

Let a, /3 be two oriented geodesies in H'^ such that d{a,(3) > and let 
7 be their common orthogonal that is oriented from a to /?. We observe 
that both a and /3 are mapped to —a and —f3 respectively, by a 180 degree 
rotation around 7. Let t G M and let g : M — )• /3 be parametrisation by 
arc length such that qo{0) = /3 n 7. Let 6{t) be the geodesic that contains 
qo(t) and is orthogonal to a, and is oriented from a to qo{t). The following 
proposition follows from the symmetry of a and /3 around 7. Recall that 
the complex distance is well defined (mod 27ri), so we can always choose a 
complex distance such that its imaginary part is in the interval (— vr, vr]. 

Proposition 4.6. Assume that a ^ fi. Then d(go(ii),a) = d(go(i2)ia) 
if and only if \t2\ = \ti\. Moreover, if for some t £ M. we can choose the 
complex distance da(6{—t),6{t)) such that 



then 
(38) 



-vr < Im {da{6{-t),6{t))) < vr. 



d„(<5(-t),7) = Jd,(5(-t),5(t)). 



Remark. Observe that if a and (3 do not intersect we can always choose the 
complex distance da{6{—t),S{t)) such that 



-7r<Im {d^{6{-t),5{t))) 



< vr. 



Assuming the above notation we have the following. 
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Proposition 4.7. Let s{t) = d{qo{t),a). Suppose that d{a,(3) < 1. Then 
for s{t) large enough we have 

s{t + h) = s{t) + h + o(l), as t ^ oo 

s{t + h) = s{t) — h + o(l), as t —7- oo 

for any \h\ < 

Proof. By the triangle inequality we have 

s{t) = d{qo{t),a) 

<d{qoit),qom + d{qo{0),a) 
< \t\+l, 

since d{qo{0),a) = d{a,f3) < 1. That is, we have 
(39) s{t) < \t\ + 1. 



It follows from (39) that s{t) large implies that |t| is large. 
Recall the following formula ^ from Section 1. 

smh^{d{qo{t),a)) = sm]i^{d{a, f3)) cosh^(t) + sm^{lm[d^{a, f3)]) sinh^it). 
Combining this with ( |39[ ) we get 

e2«W =e2*(sinh2(d(a,/3)) + sin2(Im[d^(Q,/3)])) +0(1), 
which proves the proposition. 

□ 

We can define the foot of the geodesic /3 on q as the normal to a pointing 
along 7. The lemma below estimates how the foot of /3 on a moves when /3 
is moved (and f3 is very close to a). 

Let e G O be a complex number and let r > 0. Assume that 

(40) d^(Q,/3) = e-i+^ 

Then there exists eo > such that for every for |e| < eo, for every r > 1, 
and for every t E M we can choose the complex distance da{5{—t),6{t)) such 
that 

(41) _ J<imd„(5(-t),5(t))< J. 

Let Pi be another geodesic with a parametrisation by arc length gi : M — t- 
/3i. We let 71, denote the common orthogonal between a and /3i, that is 
oriented from a to /3i. We have 



Lemma 4.2. Assume that a and (3 satisfy (40)- Let C > and suppose 
that for some ti,t[,t2,t2 G M, where ti < < t2, we have 

(1) d(gi(t'i),go(ti)),d(gi(i2),9o(i2)) < C, 

(2) \d{qo{ti),a)-d{qo{t2),a)\<C, 
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(3) d((?o(ti),a) >l-C. 
Then for \e\ < eo and for r large, we have 

dQ(7,7i) < De"!, 
for some constant D > 0, where D only depends on C . 



Proof. The constants Di defined below all depend only on C. From (40) we 
have d{a,j3) < e~2+i. Since 

d{qi{t'^),qo{ti)),d{qi{t'^),qQ{t2)) < C, 

it follows that for r large we have d{a,l3i) = o(l), and in particular we 
have d{a,j3i) < 1. By the triangle inequality we obtain \d{qi{t[),a) — 
d{Qi{t2), a) I < -Di. Then it follows from the previous proposition that the in- 
equalities |t2+ii|, 1^2+^1! < 1^2 hold. This implies that d(go(—ii), < 

Let Si{t) be the geodesic that contains qi{t) and is orthogonal to a, and 



is oriented from a to qi{t). Now we apply Proposition 4.5 and find that 

\da{6{-ti),6i{-t[))\ < D^e-i. 

Similarly 

\d^{5{ti),Si{t[))\ < 



It follows from (41) and the above two inequalities that for r large we can 



choose the complex distance da{di{—t'i),6i{t'i)) such that 

-| <imd,(5i(-t;),5i(t;)) < |. 

In particular, we can choose the complex distances da{5{—ti), 5{ti)) and 
daiSi{—ti), 5i{t[)) such that the corresponding imaginary parts belong to 
the interval (— 7r,7r), and such that 

|d,(<5(-ti),<5(ti)) - d^{6i{-t[),5i{t[))\ < 21)46-3. 

The proof now follows from Proposition |4.6| and the triangle inequality. 

□ 

Lemma 4.3. Let A G PSL(2,C) be a loxodromic transformation with the 
axis 7. Let p^q ^ {dM^ \ endpoints{A)) , and denote by ai the oriented 
geodesic from p to q, and by 02 the oriented geodesic from q to A{p). We 
let 5j be the common orthogonal between 7 and aj, oriented from 7 to aj. 
Then 

d^{6i,62) = {-ly^-^ + kni, 

for some k G {0, 1} and some j G {1, 2}. 

Alternatively, we can think of p and q as points on the ideal boundary of 
H^/A, and ai and 02 as two geodesies from p to q, such that ai ■ (02)-^ is 
freely homotopic to the core curve of the solid torus BI^/j4. 
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Proof. Let as be the oriented geodesic from A{p) to A{q), and let ^3 be the 
common orthogonal between 7 and 03 (oriented from 7 to as). Consider the 
right-angled hexagon Hi with the sides Lq = 7, Li = 5i, L2 = ai, L3 = q, 
L4 = 02 and -L5 = 82- Let H2 be the right-angled hexagon with the sides 
Lq = 7, L[ = 63, L'2 = as, L3 = A{p), L4 = 02 and L'^ = 52- Note that Hi is 
a degenerate hexagon since the common orthogonal between ai and 02 has 
shrunk to a point on dM^. The same holds for H2- We note that the cosh 
formula is valid in degenerate right-angled hexagons and every such hexagon 
is uniquely determined by the complex lengths of its three alternating sides. 

Denote by ak and cr^ the complex lengths of the sides Lk and L'^ respec- 
tively. By changing the orientations of the sides and if necessary we 
can arrange that ai = a'l, = a'^ and = a'^ = (see Section 2.2 in 
|16j). This shows that the hexagons Hi and H2 are isometric modulo the 
orientations of the sides, and this implies the equality ctq = (Tq. On the other 
hand, changing orientations of the sides can change the complex length of a 
side by changing its sign and/or adding ni. This proves the lemma. 

□ 

4.4. The tvi^o-frame bundle and the well connected frames. Let 

denote the two frame bundle over M^. Elements of ^"(H^) are frames F = 
{p,u,n), where p G and u,n ^ Tp{M'^) are two orthogonal vectors at p 
(here T^{M^) denotes the unit tangent bundle). The group PSL(2,C) acts 
naturally on T{M^). For {pi,Ui,ni), i = 1,2, we define the distance function 
V on T{M^) by 

'D{{pi,ui,ni), {p2,U2,n2)) = d{pi,p2) + @{ui,U2) + @{n'i,n2), 

where u[,n'i £ Tp^iM"^), are the parallel transports of ui and vi along the 
geodesic that connects pi and p2- One can check that D is invariant under 
the action of PSL(2, C) (we do not claim that P is a metric on J^(H^)). By 
Me{F) C J^(E.^) we denote the e ball around a frame F £ ^"(IH^). 

Recall the standard geodesic flow gr : T^B.^) ^ T'^iM^), r £ R. The flow 
action extends naturally on J^{I¥^), that is the map gr : J-(W^) — t- J^(M^), 
is given by gr(p, u, n) = {pi,ui,ni), where {pi,ui) = grip,u) and ni is the 
parallel transport of the vector n along the geodesic that connects p and 
Pi. The flow gr on J^{M^) is called the frame flow. The space J^(]HI^) is 
equipped with the Liouville measure A which is invariant under the frame 
flow, and under the PSL(2,C) action. Locally on J^{M^), the measure A is 
the product of the standard Liouville measure for the geodesic flow and the 
Lebesgue measure on the unit circle. 

Recall that = M^/G denot es a closed hyperbolic three manifold, and G 
from now on denotes an appropriate Kleinian group. We identify the frame 
bundle ^"(M^) with the quotient T(E.^)/g. The frame flow acts on ^"(M^) 
by the projection. 
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It is well known ^ that the frame flow is mixing on closed 3-manifolds 
of variable negative curvature. In the case of constant negative curvature 
the frame flow is known to be exponentially mixing. This was proved by 
Moore in [13] using representation theory (see also |14j). The proof of the 
following theorem follows from the spectral gap theorem for the Laplacian 
on closed hyperbolic manifold M'^ and Proposition 3.6 in |13) (we thank 
Livio Flaminio and Mark Pollicott for explaining this to us). 

Theorem 4.2. There exists a q > that depends only on such that the 
following holds. Let ip, cj) : J^(M^) — )• M 6e two functions. Then for every 
r G M the inequality 



A{T{M^)) j {^li)){x)(p{x) dk{x) - j ij{x)dA{x) J (P{x)dA{x 

T(M3) j-(M3) :f(m3) 

holds, where C > only depends on the norm of tp and (j). 

Remark. In fact, one can replace the norm in the above theorem by the 
(weaker) Holder norm (see |13]). 

For two functions tp, (p '■ -^(M^) — )• M we set 



{ip,(j))= J Tp{x)(t){x)dA{x). 

J"(M3) 

From now on r >> denotes a large positive number that stands for 
the flow time of the frame flow. Also let e > denote a positive number 
that is smaller than the injectivity radius of M^. Then the projection map 
J"(H3) J"(M3) is injective on every e ball A4(F) C 

Fix Fo G F{W^) and let J\fe{Fo) C ^"(EI^) denote the e ball around the 
frame Fq. Choose a C^'^-function fe{Fo) : F{M^) — )• M, that is positive on 
MeiFo), supported on Me{Fo), and such that 

(42) J f,{Fo){X)dA{X) = l. 

J"(e3) 

For every F G F{M^) we define fe{F) by pulling back fe{Fo) by the cor- 
responding element of PSL(2,C). For F G J-"(M^) the function fe{F) : 
F(M.^) — 7- M is defined accordingly (it is well defined since every hallMeiF) C 



J-'(]HI'^) embeds in J^(M'^)). Moreover the equality (42) holds for every fe{F). 

The following definition tells us when two frames in F(M.^) are well con- 
nected. 

Definition 4.1. Let Fj = {pj,Uj,nj) G FiW^), j = 1,2, be two frames, and 
set g,L^{pj,Uj,nj) = {pj,Uj,nj). Define 



(-^1 ,F2) = (g| /, {pi , ui , ni ) , /, (p2 , -U2 , n2)) . 
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We say that the frames Fi and F2 are (e,r) well connected (or just well 
connected if e and r are understood) if SLffi{Fi, F2) > 0. 

The prehminary flow by time ^ to get {pj,Uj,nj) is used to get the esti- 
mates needed for Proposition |4.8| and Proposition |4.9[ 

Definition 4.2. Let Fj = {pj,Uj,nj) G J^(M^), j = 1,2, be two frames and 
let 7 6e a geodesic segment in that connects pi and p2- Let pi G be 
a lift ofpi, and let p2 denotes the lift of p2 along 7. By Fj = {pj,Uj,nj) G 
J^(M^) we denote the corresponding lifts. Set a^(Fi,F2) = a.^3{Fi, F2) . We 
say that the frames Fi and F2 are (e, r) well connected (or just well connected 
if e and r are understood) along the segment 7, if a^f{Fi, F2) > 0. 

The function a^(Fi,i<2) is the affinity function from the outline above. 
Let Fj = {pj,Uj,nj) G T(M.^),j = 1, 2 and let gr (pj, Uj, n^) = {p'j , u'j , n'j) . 
Define 

a(Fi,F2) = {g*_rf^{p[,u[,ni),feip2,-U2,n2)). 

Then 

a(Fi,F2) = J]]a^(Fi,F2), 

7 

where 7 varies over all geodesic segments in M'^ that connect pi and p2 (only 
finitely many numbers a^(Fi,i<2) are non-zero). One can think of a(Fi,F2) 
as the total probability that the frames Fi and F2 are well connected, and 
a^{Fi, F2) represents the probability that they are well connected along the 
segment 7. The following lemma follows from Theorem |4.2[ 

Lemma 4.4. Fix e > 0. Then for r large and any Fi, F2 G J-"(M^) we have 

where q > is a constant that depends only on the manifold M^. 

4.5. The geometry of well connected bipods. There is natural order 
three homeomorphism uj : J^(BI^) — )• J^(EI^) given by a;(p, u, n) = (p, a;(n), n), 
where uj{u) is the vector in (H^) that is orthogonal to n and such that the 
oriented angle (measured anticlockwise) between u and io{u) is ^ (the plane 
containing the vectors u and a;(n) is oriented by the normal vector n). An 
equivalent way of defining u is by the Right hand rule. The homeomorphism 
u commutes with the PSL(2, C) action and it is well defined on J^(M^) by 
the projection. The distance function V on J^(M^) is invariant under oj. 

To every Fp = {p,u,n) G J-'(M^) we associate the bipod Bp = {Fp,uj{Fp) 
and the anti-bipod Bp = {Fp,io{Fp) (we recall that uj = lo^^). We have the 
following definition. 

Definition 4.3. Given two frames Fp = {p,u,n) G F(M.^), and Fq = 
{q,v,m) G J-"(M^), let Bp and Bg denote the corresponding bipods. Let 
7 = (TOjTi); be a pair of geodesic segments in M^, each connecting the 
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Figure 3. The closed e-chain for two well-connected bipods 

points p and q. We say that the bipods Bp and Bq are (e,r) well connected 
along the pair of segments 7, if the pairs of frames Fp and Fg, and co{Fp) and 
uj{Fq), are (e, r) well connected along the segments 70 and respectively. 

Lemma 4.5. Let Fp = {p,u,n) and Fg = {q,v,m) be two frames in M^. 
Suppose that the corresponding bipods Bp and Bg are (e, r) -well connected 

along a pair of geodesic segments 70 and 71 that connect p and q in M^, 
that is we assume a^g(Fp,Fg) > and likewise aby-^ {Lo{Fp),uj{Fq)) > 0. Then 
for r large, the closed curve 70 U 71 is homotopic to a closed geodesic S eT, 
and the following inequality holds 

-2r + 21og^| < De, 

for some constant D > 0. Moreover, 

d{p, 6), d{q, S) < log \/3 + De. 

Proof. We define, for i = 0,1, Fp. = {pi,Ui,ni) by g|(a;*(Fp)). Likewise, 

we let F^. = {qi,Vi,mi) by gr(Sj*(Fg)). Because t<j*(Fp) and uf'iFg) are 
well connected, we can find Fpi € J\fe{Fp-), and Fg' € J\fe{Fg.) such that 
g| (p'j, ii^, n'j) = (g^, —v'i,m'j). Moreover, there is a homotopy condition that 
is satisfies, namely that the concatenation of the e-chain 

(g[o,|](Pi, ^i), g[o,i] ip'i, u'i),E[o,l]{Qi, -Vi) , 

is homotopic rel endpoints to ji. 

We let r]p be the geodesic segment from pQ to pi that is homotopic rel 
endpoints to 
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Then no and ni are parallel along r]p because the are orthogonal to the plane 
of the immersed triangle we have formed), and the angle between rip and 
—Ui (at Pi) is less than De~i. Moreover, 



r 4 



We likewise define rjq and make the same observation. 

We refer the reader to Figure [3] for an illustration of our construction. 

The segments rjp, g[o,r](p'i, <), Vq^, g[o,§](^0' ^o)' fo^™ » closed e-chain, 
and we are therefore in a position to apply Lemma |4.1[ We take 



(and connect Oj to bi by the aforementioned segments), and we let (no, ni, n2, ns) 



4.1 



are 



(no, n'i,m'i,mQ). We can easily verify that the hypotheses of Lemma 
satisfied, and we conclude that 70U71 is freely homotopic to a closed geodesic 
6, and the following inequalities 

\l{6)-2r + 2log^ \ < De, 

and 

d(j)i,6), d{qi,6) < De 

hold. It follows that the projection of p onto rjp is exponentially close to 6, 
and therefore 

d{p,d), d{q,6) < logVs + De. 

□ 

4.6. The geometry of well connected tripods. Let P,Pi,P2 G T{M'^). 
We call P the reference frame and Pi,P2 the moving frames. Let Fi £ 
J-"(]HI^), and r large. Then the frame F2 = L(Fi, Pi, P2,r) is defined as 
follows: 

Let Fi = gr(Fi). Let -Fi G Me{Fi) denote the frame such that for some 
Ml G PSL(2,C) we have Mi(P) = Fi and Mi (Pi) = Fi- Set gr(Fi) = 
(q, —V, fh) , and F2 = {q, v, in) . Let F2 denote the frame such that for some 
M2 G PSL(2,C) we have M2(P) = F2 and M2(P2) = ^2- Set g_r(F2) = 
^2 = {q,v,m). Observe that the frame F2 only depends on Fi, Pi, P2, and 
r. 

Recall from Section 3 that 11*^ denotes an oriented topological pair of pants 
equipped with a homeomorphism loq : H*^ — )■ H*^, of order three that permutes 
the cuffs. By loq{C), i = 0,1, 2, we denote the oriented cuffs of n''. For each 
i = 0, 1, 2, we choose a;o(c) G 7ri(n*^) to be an element in the conjugacy class 
that corresponds to the cuff ujq{C), such that u}q{c)ujq{c)u]q(c) = id. 
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Fix a frame P £ ^"(IHI^), and fix six frames P/ e A/'e(P), i = 0,1,2, 
j = 1,2, where MeiP) is the e neighbourhood of P. Denote by (-P/) the 
corresponding six-tuple of frames. We define the representation 

/5(/f ) :7ri(nO)^PSL(2,C) 

as fohows: 

Choose a frame = {p,u,n) G M^, and let Fa = L{F^ , P^ , P^ ,r). 
Denote by f(, j = 1,2, given by a;(F/) = L(a;-i(F2), -Pf , , r), and 
a;2(F2) ^ L(a;-2(i?2),P|,pi,^)- Let Ai G PSL(2,C) given by Ao{F^) = 
Fl, Ai{Fl) = F^, and ^2(^1) = F^. Observe ^2^1 ^0 = id. We define 
p{P-) = p hy p{u)^{c)) = Ai. Up to conjugation in PSL(2,C), the repre- 
sentation p{P-) depends only on the six-tuple (P/) and r. Observe that if 
P- = P, for all then I¥^/p{P-) is a planar pair of pants whose all three 
cuffs have equal length, and the half lengths of the cuffs that correspond to 
this representation are positive real numbers. 

We will use the following lemma to show that the skew pants that cor- 
responds to a pair of well connected tripods (see the definition below) is 
indeed in Il£)f:^R for some universal constant D > 0. 

Lemma 4.6. Fix a frame P G F{B.^), and fix P/ G Me{P), i = 0,1,2, 
j = 1,2. Set p{Pi) = p. Then 

|hlK(C))-r + log^| <De, 

for some constant D > 0, where hl(a;Q(C)) denotes the half lengths that cor- 
respond to the representation p. In particular, the transformation p{uJq[c)) 
is loxodromic. 

Proof. It follows from Lemma |4.5| that 

\l{ul,{C))-2r + 2log^\<De, 

where 1(wq(C)) denotes the cuff length of p{u}q{c)) = A^. 

We have hl(a;*(C)) = + kni, for some k G {0, 1}. It remains to 

show that A; = 0. 

Let t G [0,1], and let P/(i) be a continuous path in Me{P), such that 
P/(l) = p/, and P/(0) = P. Set pt = /o(P/(t)). Then for each t we obtain 
the corresponding number k{t) G {0,1}. Since A;(0) = and since k{t) is 
continuous we have k{l) = k = 0. □ 

To every frame F G F(M.'^) we associate the tripod T = uj^{F), i = 0, 1, 2 
and the anti-tripod T = uf{F), i = 0,1, 2, where uJ = uj^^. 

Definition 4.4. Given two frames Fp = (p, u, n) and Fq = {q, v, m) in 
F(M.^), let Tp = uj^{Fp) and Tq = uj^{Fq), i = 0, 1,2, he the corresponding 
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tripods. Let 7 = (70,71,72); be a triple of geodesic segments in M'^, each 
connecting the points p and q. We say that the pair of tripods Tp and Tq 
is well connected along 7, if each pair of frames uj^{Fp) and uj~^{Fq) is well 
connected along the segment 'ji. 

Next we show that to every pair of well connected tripods we can naturally 



associate a skew pants in the sense of Definition 3.2 Recall from Section 
3 that n'^ denotes an oriented topological pair of pants equipped with a 
homeomorphism ujq : 11^ ^ 11^ , of order three that permutes the cuffs. By 
ujq{C), i = 0, 1, 2, we denote the oriented cuffs of n*^. For each i = 0, 1, 2, 
we choose uJq{c) G 7ri(n'^) to be an element in the conjugacy class that 
corresponds to the cuff ujq{C), such that ojq{c)ujq{c)ujq{c) = id. 

Let a, 6 G n*^ be the fixed points of the homeomorphism uq. Let oq C n° 
be a simple arc that connects a and b, and set ujQ{ao) = Ui. The union of 
two different arcs and aj is a closed curve in li^ homotopic to a cuff. One 
can think of the union of these three segments as the spine of n*^. Moreover, 
there is an obvious projection from H*^ to the spine ao U ai U a2, and this 
projection is a homotopy equivalence. 

Let Tp = {p,uj^{u),n) and Tg = {q,uj'^{v),m), i = 0,1,2, be two tripods 
in J^(M^) and 7 = (70,71,72) a triple of geodesic segments in M'^ each 
connecting the points p and q. One constructs a map (j) from the spine of 
n'' to by letting 0(a) = p, (/)(6) = q, and by letting cj) : Ui ^ 'ji he 
any homeomorphism. By precomposing this map with the projection from 
to its spine we get a well defined map (p : ^ M'^. By p{Tp,Tq,j) : 
7ri(n'^) — )• ^ we denote the induced representation of the fundamental group 

of no. 

In principle, the representation p{Tp,Tq,'y) can be trivial. However if the 
the tripods Tp and Tq are well connected along 7, we prove below that the 



representation p{Tp, Tq, 7) is admissible (in sense of Definition 3.1 ) and that 
the conjugacy class [p{Tp,Tq,'y)] is a skew pants in terms of Definition 3.2 

Lemma 4.7. Let Tp and Tq be two tripods that are well connected along a 
triple of segments 7 and set p = p{Tp,Tq,j). Then 

|hl(t^S(C))-r + log^| <De, 

for some constant D > 0. In particular, the conjugacy class of transforma- 
tions p{ujq{C)) is loxodromic. 

Proof. Observe that there exist P- G A/'e(P), such that p{P-) = p(Tp,Tg,'y). 
The lemma follows from Lemma 14.61 

□ 

Recall that TI^^r is the set of skew pants whose half-lengths are e close 
to and that R = 2(r — log|). If we write 7r{Tp,Tq,j) = [p(Tp, Tg, 7)], 



then by Lemma 4.7 tt maps well connected pairs of tripods to pairs of skew 
pants in UneM- 
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We have 

Definition 4.5. Let Tp and Tq he two tripods that are well connected along 
a triple of segments 7 = (70,71,72)- Set 

i=2 
i=0 

Observe that two tripods Tp and Tq are (e, r) well connected along a triple 
of geodesic segments 7, if and only if h.y{Tp,Tq) > 0. 

We define the space of well connected tripods as the space of all triples 
(Tp,Tq,7), such that the tripods Tp and Tq are well connected along 7. It 
follows from the exponential mixing statement that given any two tripods 
Tp and Tq, and for r large enough, there will exist at least one triple of 
segments 7 so that Tp and Tq are well connected along 7 (in fact, it can be 
shown that there will be many such segments). 

We define the measure pt on the set of well connected tripods by 

(43) dJl{Tp, Tq, 7) = b^(Tp, Tq) dXriTp, Tq, 7), 

where XT{Tp,Tq,^) is the product of the Liouville measure A (for J^(M^)) 
on the first two terms, and the counting measure on the third term. The 
measure Xt is infinite (since there are infinitely many geodesic segments 
between any two points p,q ^ M^) but h^{Tp,Tq) has compact support 
(that is, only finitely many such triples of connections 7 are "good"), so Jl 
is finite. 

Recall that R = 2(r — log |) (see the discussion after Lemma 4.7 above). 
We define the measure ^ on Hd^^r hy h = n^Jl. This is the measure from 
Theorem 13. 4[ It follows from the construction that this measure is invariant 
under the involution 7^ : 11 — t- 11 (see Section 3 for the definition), that is 



In order to prove Theorem 3.4 it remains to construct the corresponding 



measure /3 G A4o{N^{^/r)) and prove the stated properties. 

4.7. The "predicted foot" map f^. By Fp = {p,u,n) and Fq = {q,v,m) 
we continue to denote two frames in J^(M^). Suppose the frames uj^{Fp) 
and uf'{Fq) are well connected along the geodesic segments 7^, z = 0, 1. In 
our terminology this means that the bipods Bp and Bq are well connected 
along the segments 70 and 71. Let 82 & T denote the closed geodesic in 
freely homotopic to 70 U 71 . We now associate the "geometric feet" to 
(5p,5g,7o,7i). 

We first define the geodesic ray ap : [0, 00) — by ap(0) = p, ap(0) = 
aJ(n), and we likewise define the geodesic ray Uq : [0,00) by aq{0) = 

q, a'q{0) = Ijj{v). Then for t G [0,oo), and i = 0,1, we let f3j be the 
geodesic segment homotopic relative endpoints to the piecewise geodesic arc 
{ap[0, t])~^ -ji - aq[0, t]) . (The endpoints of both segments and ^2 are ap{t) 
and aq{t), and = 7*)- We let /3?° be the limiting geodesic of /3j, when 
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t — )• oo. For each t > and i = 0, 1, there is an obvious choice of common 
orthogonal from 82 to /3*, which varies continuously with t £ [0,oo]. We 
let /* G ^^{^2) be the foot of this common orthogonal at 62, and we let 

fi = fr- 

For a closed geodesic 6 £ T, let denote the solid torus whose core 
curve is 6. As an alternative point of view, we can lift 70 U 71 to a closed 
curve in the solid torus (there is a unique such lift to a closed curve in 
Tg^). We can then lift Fp and Fg, and also ap[0, 00] and aq[0,oo], where 
ap(oo), aq(oo) E dTs2- Then we define (3j (and as before and there will 
be unique common orthogonals from (the lift of) 82 to /3*, t £ [0,oo]. 



By Lemma 4.3 we see that ds^ifo,/!) = hl((52), so /o and /i represent 
the same point in N^{\^)- Therefore we have defined the mapping 

{Bp,Bq,-fo,ji) ^ f52(5p,Bg,7o,7i) e N^{^/62), 

on the set of all well connected bipods such that the 70 U 71 is homotopic 
to 62- We think of the vector is^ {Bp, Bg, 70, 71) G iV^) as the geometric 
foot of (5p,Sg,7o,7i). 

Assume now that we are given a third geodesic segment 72 between p and 
q (also known as the third connection) such that {Tp, Tg, 7) is a pair of well 
connected tripods along the triple of segments 7 = (70,71,72)- Above, we 
have defined the skew pants H = 7r{Tp,Tq,^), such that 511 = 60 + 61 + 62, 
where 6i is homotopic to 7i_i U 7i+i (using the convention 7^ = 74+3). 

Let hi £ N^{62), i = 0,1, denote the foot of the common orthogonal from 
82 to 5i. Recall that since ds2{ho,hi) = h\{62) the projections of ho and 
hi to N^{y/52) agree, and as before we let foot52(n) £ N^{VS2) denote this 
projection. We say that foot52(n) is the foot of the skew pants H on the 
cuff 62- 

We will now verify that on N^{y/62) we have ds2{fo, hi) = ds^ifi, ho) = 
0(e~4). This will imply that the pairs {ho, hi} and {/o,/i} project to 
vectors in N^{\/62) that are e~4 close. 

Proposition 4.8. With the above notation we have that for r large and e 
small the inequalities 

dis(/o,/ii),dis(/i,/io) < -De~3 
holds for some universal constant D > 0. 

Proof. Assume that we are given a skew pants n = TT(Tp,Tg,j), where 7 = 
(70,71,72) is a triple of good connections. Recall that 6i is a cuff of H that 
is homotopic to ji-i U 7i+i. Then for i = 0, 1, the geodesies 62 and 6i (or 
more precisely the appropriate lifts of 62 and 5i to the solid torus cover 



corresponding to 82) satisfy (40). 



On the other hand, since 72 is a good connection, and from the definition 
of a good connection between two frames, it follows that for some universal 

r 

constant E > the segment /3q (considered in the solid torus cover ) has 

r 

the endpoints E close to 61. Similarly the segment (3^ has the endpoints E 
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close to 60. The inequahty dis(/o, /ii), dis(/i, /iq) ^ De 4 now follows from 
Lemma 14. 2i 

□ 

For each skew pants 11 = 7r(Tp, Tg, 7) we let 

f<52(n) = i52(Tp,Tg,-f) = fs2{Bp,Bg,jo,-fi). 

That is, we have defined the map (n, 6*) ^ is{U, 6) G N^{V6) on the set of 
all marked skew pants 11^^ ^ that contain the geodesic 6 in its boundary. 
Recall that we have already defined the mapping (11,6*) 1— )• foot5(n,(5) E 
N^iVd). We have 

Proposition 4.9. Let {iT{Tp,Tq,'y),5*) £ 11*. Then for r large and e small 
we have 

d{foots{'K{Tp,Tg,'y),is{Tp,Tg,'y)) < De"3, 
for some constant D > 0. 



Proof. It follows from Proposition 4.8 



□ 

Given skew pants 11 = 7r{Tp,Tq,'y), the new foot fs2(Tp,Tg,^) "predicts" 
the location of the old foot foot^j (Tp, Tg, 7) (up to an exponentially small 
error in r) without knowing the third connection 72. 



4.8. The proof of Theorem 3.4 Fix 5 G F. For a given measure a on 



N^{\/T) we let as denote the restriction of a on NHV6). It remains to 



3.4 



and estimate the 



construct the measure /3 on N^{\/T) from Theorem 
Radon-Nikodym derivative of Ps with respect to the Euclidean measure on 
N\VS). 

Recall that (-6^,-6^,70,71) is a well connected pair of bipods along the 
pair of segments 70 and 71 if 

a^o(Fi,F2)a^,(tj(Fi),aJ(F2)) > 0. 

We define the set Ss by saying that (Fp, Fg, 70, 71) G Ss if (Sp, 70, 71) is 
a well connected pair of bipods along a pair of segments 70 and 71 such that 
7o U 71 is homotopic to 6. In the previous subsection we have defined the 
map 

is:Ss^N\^). 

Recah that that the bundle N^iV6) has the natural C/{2iriZ + 1{5)Z) 
action by isometrics. Now, we define the action of the torus C / {2iriZ+l{5)Z) 
on Ss so that the map f^ becomes equivariant with respect to the torus 
actions on Ss and N^iVS), that is for each r G C/(27ra + 1{6)Z) we have 

(44) fs{T + {Bp,Bg,-fo,li)) = r + fs{Bp,Bg,-fo,li), 

where r + {Bp, Bg,^Q,ji) denotes the new element of Ss (obtained after 
applying the action by r to (fip, Sg, 70, 71)). 
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Let be the open solid torus cover associated to 6 (so 6 has a unique 
Hft to a closed geodesic in which we denote by S{6)). Given a pair of 
well connected bipods in Ss, each bipod lifts in a unique way to a bipod in 
^^(T^) such that the pair of the lifted bipods is well connected in T5. We 
denote by Ss the set of such lifts, so Ss is in one-to-one correspondence with 
Ss- 

We observe that the group of automorphisms of the solid torus is 
isomorphic to the group of isomorphisms of the unit normal bundle N^{6), 
that is in turn isomorphic to C/(27riZ + which acts on both N^{6) 

and on ^^^(T^) so as to map Ss to itself. Since Ss and Ss are in one-to-one 
correspondence we have the induced action of C/(27riZ + /((5)Z) on Ss- The 
equivariance ( |44[ ) follows from the construction. 

Let Cs be the space of well connected tripods {Tp,Tg,j), where 7 = 
(70,71,72), such that 7o U 71 is homotopic to 5. Let x '■ Cs ^ Ss he 
the forgetting map (the term forgetting map refers to forgetting the third 
connection 72), so x(rp, T„ 70, 71, 72) = (Sp, 5^, 70, 71). 



It follows from Proposition 4.9 that for any pair of well connected tripods 
T = {Tp, Tg, 7) G Cs we have 

(45) |f5(x(r)) -foot5(7r(r,7))| < Ce'^, 

where vr(r, 7) is the corresponding skew pants. 
Next, we define the measure us on Ss by 

dus{Bp, Bg, 70, 71) = a^o(Fp, Fq)a.^^ {uj{Fp),u]{Fg)) dXB{Bp, Bg, 70, 71), 

where As is the measure on Ss defined as the product of the Liouville mea- 
sures on the first two terms and the counting measure on the other two 
terms. 

We make two observations. The first one is that is invariant under 
the C/(27rzZ + /(5)Z) action on Ss- The second one is as follows. Let 
T G C/(27riZ + 1{6)Z), and for {Bp, Bg, 70, 71) G Ss we let 

(^p(r), -Bg(^), 70 (r), 71 (r)) = r + {Bp, Bg,jo,li)- 

denote the corresponding element of Ss- It follows from the definition of the 
affinity functions that 

a7o(^P> -^9)^71 (W(-Fp),tl^(i^g)) = a^„(r){Fp^r),Fg^T))aj^{r)i^{Fp(T)),Uj{Fg(^^))), 

for any r. These two observations show that the measure us is invariant 
under the C/(27riZ + /(5)Z) action on Ss- 

Since the map is invariant under the C/(27riZ + /((5)Z) actions (see 



(44)), it follows from the above two observations that the measure {is)*us 
is invariant under the C/(27riZ + /(5)Z) action on N^{V6)- Therefore, the 
measure (f^)*^'^ is equal to a multiple of the Euclidean measure Eucl^ on 
N'^{^)- We write 
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(46) 



for some constant Es > 0. 

The other natural measure on Ss is defined as follows. Let x ■ Cs ^ Ss 
be the forgetting map (defined above) . Recall that Jl is the measure (defined 



by (43) above) on the space of well connected tripods given by 

dJl{Tp, Tq, 7) = b^(Tp, Tq) dXriTp, Tq, 7), 

where XT(Tp,Tq,^) is the product of the Liouville measure A (for J^(M^)) 
on the first two terms, and the counting measure on the third term. Then 
we get a new measure on 5^ by x*{li'\cs)i where Jl\cg is the restriction of Jl 
to the set Cs- 



The two measures satisfy 



But by the mixing we have 



Y,^A^\Fp),^\Fq)) 
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S.{u\Fp),Uj\Fq)). 



1 



{l + 0{e-^^)), 



A(-F(M3)) 

so we find that for some constant C = C(e, M'^) > we have 
dx*{lj'\cs) 1 



A(^(M3)) 



which implies 
(47) ^ 



A(^(M3)) 



(1 _ Ce-'^'-)vs < X* 



A(^(M3)) 



Applying the mapping (fa)*, and from (46) we obtain 



A(^(M3)) 



:i-Ce-'i')Eucl5 <f*(x* 



))< 



Es 



A(^(M3)) 



(l + Ce-'i'')Eucl5. 



We let 



f^s = f*(x*(/^|cj)- 



It follows that the Radon-Nikodym derivative of [is satisfies desired inequal- 



ity from Theorem 3.4 On the other hand, it follows from (45) that (is and 



are 0(e 4) equivalent. This completes the proof. 
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